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Non—Abelian discrete R symmetries

Textbook knowledge:
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Textbook knowledge:
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Abelian symmetries

== One aim of this talk: convince you that this is not entirely correct

= Clearly, there cannot be a non—Abelian continuous R symmetry Gg
as this would require more than one supercharge

1=z However: non—Abelian discrete symmetries can have non—trivial
1—dimensional representations 1,n_trivial

Chen, M.R. & Trautner (2013)
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Non—Abelian discrete R symmetries

Textbook knowledge:
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Green—Schwarz (GS) anomaly cancellation is only available for
Abelian symmetries

One aim of this talk: convince you that this is not entirely correct

Clearly, there cannot be a non—Abelian continuous R symmetry Gg
as this would require more than one supercharge

However: non—Abelian discrete symmetries can have non—trivial
1—dimensional representations 1non_trivial Chen, M.R. & Trautner (201)

This allows us to consider settings in which the superspace
coordinate transforms as 1,on_trivial

Likewise, the axion may shift under the action of the elements of the
discrete group
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== Superpotential transforms as

W eZnqu/MW

e Superfields @) = ¢ + V20y" + 00 FO) transform as

o 5 e2rid"/M g
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Reminder: Anomalies in Abelian discrete symmetries

Krauss & Wilczek (1989); Ibafiez & Ross (1991, 1992); Banks & Dine (1992)

1 Discrete symmetries can have anomalies

Fujikawa (1979)

1= Most convenient way to compute anomalies: path integral approach

Araki (2007); Araki, Kobayashi, Kubo, Ramos-Sanchez, M.R. & Vaudrevange (2008)

== Works both for Abelian and non—Abelian discrete symmetries
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M

== Consider the action of one generator of the discrete group
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[ Z charge of superfield ]
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[ Zﬁf}) charge of superspace coordinate
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Anomaly coefficients for Abelian fof) symmetries

== Consider the action of one generator of the discrete group

w Fermions acquire a Z phase: y) — e271@"~a0/M

= Non-trivial transformation of the path integral measure
H Dd/(f) Z)J(f) g2 H Dw(f) Z)J(f)
f f

A 21 1 .
withJ 2 = exp {| MAG—G—Z"{:, /d 39,2 Fb# Ffjv}

and AG—G—Z;\I}) = Z 4 (r(ﬁ&qu +Qqo f(adj G)

f

[ representation of y() ]
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== Consider the action of one generator of the discrete group

w Fermions acquire a Z phase: y) — e271@"~a0/M

= Non-trivial transformation of the path integral measure
H Dd/(f) Z)J(f) g2 H Dw(f) Z)J(f)
f f

A 21 1 .
withJ 2 = exp {| MAG—G—Zﬁ /d 39,2 Fb# Ffjv}

and AG—G—ZE{}) = Zf (r(f)> “qun +qel(adjG)
' \

[ qun = (¢ - qq) with ¢ R charge of superfield j
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== Consider the action of one generator of the discrete group

w Fermions acquire a Z phase: y) — e271@"~a0/M

= Non-trivial transformation of the path integral measure
H Dd/(f) Z)J(f) g2 H Dw(f) Z)J(f)
f f

A 21 1 .
withJ 2 = exp {| MAG—G—Zﬁ /d 39,2 Fb# Ffjv}

andAg_g_m = Z 14 (r(f)> “qun +qel(adj G)
f

[ discrete R charge of superspace coordinate j
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Anomaly coefficients for Abelian ZE‘IP symmetries

== Consider the action of one generator of the discrete group

w Fermions acquire a Z phase: y) — e271@"~a0/M

= Non-trivial transformation of the path integral measure
H Dd/(f) Z)J(f) g2 H Dw(f) Z)J(f)
f f

A 21 1 .
withJ 2 = exp {| MAG—G—Zﬁ /d 39,2 Fb# Ffjv}

andAg_g_m = Z 14 r(f)> “qun +qe(adj G)
f

[ Dynkin index : 6, () = trita(t,)] |
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Discrete Green—Schwarz anomaly cancellation

== Goupling of ‘axion’ a to field strength of the continuous gauge
symmetry

a ~
gaxion S - ngFb
= Discrete transformation u induces a shift
a — a+AY
w= Relation between AY and Ag_g-z,,

M
AG—G—ZM =2rM A(u> mod 7U

[orderofu:uMu = ]1]
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= One can have several axions a,

ZLaxion D _Fbﬁb Z%&

[ real coefficients )



http://inspirehep.net/search?p=Ludeling:2012cu

Origin of non-Abelian discrete symmetries Non-Abelian discrete R symmetries

L Discrete Green—Schwarz anomaly cancellation

Comment on settings with more than one axions

= One can have several axions a,

o%axion ) Fbe

1= However: there is always a unigue linear combination of axions a
that shifts: a@ o« ), co @y


http://inspirehep.net/search?p=Ludeling:2012cu

Origin of non-Abelian discrete symmetries Non-Abelian discrete R symmetries

L Discrete Green—Schwarz anomaly cancellation

Comment on settings with more than one axions

= One can have several axions a,

o%axion ) Fbe

1= However: there is always a unigue linear combination of axions a
that shifts: a@ o« ), co @y

w= One can also have more than one gauge factor, i.e. G = []; GY

a RO R0
faxion o - g : ;/leb Fb


http://inspirehep.net/search?p=Ludeling:2012cu

Origin of non-Abelian discrete symmetries Non-Abelian discrete R symmetries

L Discrete Green—Schwarz anomaly cancellation

Comment on settings with more than one axions

= One can have several axions a,

o%axion ) Fbe

1= However: there is always a unigue linear combination of axions a
that shifts: a@ o« ), co @y

w= One can also have more than one gauge factor, i.e. G = []; GY

a RO R0
faxion o - g : ;/leb Fb

Lideling, Ruehle & Wieck (2012)

1 This allows one to cancel abritrary discrete anomalies
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Anomaly (non-)universality

1 However, in supersymmetric theories the axions are always
accompanied by a superpartner ‘saxion’ field

(o)
= Non-universal A; coefficients for the SM gauge factors will spoil the

picture of MSSM gauge coupling unification

couplings
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L Discrete Green—Schwarz anomaly cancellation

Anomaly (non-)universality

1 However, in supersymmetric theories the axions are always
accompanied by a superpartner ‘saxion’ field

Non—universal 2; coefficients for the SM gauge factors will spoil the
picture of MSSM gauge coupling unification

~ Can be avoided by demanding anomaly universality

M .
AG(z‘)_Gm_z;‘? = p mod > v GY
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Uud) = exp (2ridud) /M

order of u
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Non—Abelian discrete R symmetries

= Action of u on representation d

U,d) = exp (2ril(d)/M,)

@

[ matrix w/ integer eigenvalues j
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= Action of u on representation d

U,d) = exp (2rid,(d)/M,)

= Transformation of fermions

vH > U, (d“’) YD = exp [27ri/lu (dm) /Mu} g
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Non—Abelian discrete R symmetries

= Action of u on representation d

U,d) = exp (2rid,(d)/M,)

= Transformation of fermions
v S U, (d“’) v = exp [2nuu (dW) /Mu} )

v Effective 7y, charges

s = tr [/lu (d(f))} - % In det U, (d<f>)
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Anomaly coefficients for non—Abelian discrete R
symmetries

1= Relation between the transformation behavior of a superfield ® and
the corresponding fermion ¢

d(‘l’) = d<(}) ®d(d/)

[ 1—dimensional representation ]
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Anomaly coefficients for non—Abelian discrete R
symmetries

1= Relation between the transformation behavior of a superfield ® and
the corresponding fermion ¢

d(‘l’) = d<(}) ®d(d/)

= Relation between fermion and superfield anomaly contributions

§W = 59 _ dim (d(d))> .5©
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Anomaly coefficients for non—Abelian discrete R
symmetries (cont'd)

1= Anomaly coefficients for transformation u

Aggan, = YUY [5<s> —dim (d<s>) 5<9>} +¢(adjG) - 6

[ superfield charges ]
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Anomaly coefficients for non—Abelian discrete R
symmetries (cont'd)

1= Anomaly coefficients for transformation u

Ag Gzr

My

> w®)- [69 —dim (d9) 6©] + ¢ (adj G) - 5

AU(1)—U(1)—Z§;U

Z (Q(S))2 dim (r®) - [5(3) — dim (d(s)) 6(9)}
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Anomaly coefficients for non—Abelian discrete R
symmetries (cont'd)

1= Anomaly coefficients for transformation u

My

Avyvayzr, = > (@)? dim () - [6(5) —dim (d(s)) 6(9)}

S

= -2169+6© ) dim(adj G)

G
+Y dim (r) - [6(3) —dim (d(s)) 6(9)}

Acgan = DY) [5<s> —dim (d<s>) 5<9>} +¢(adjG) - 6

A

gravfgravfzfau
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A, =p mod7U and A, = o mod7V
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Anomaly relations

== Anomaly coefficients for two group elements u of order M, and v of
order M,

M M,
A, =p mod7U and szo-mod7

= Anomaly coefficient of group element w = u - v of order M,
w = Zé’ (r) 60 + ¢ (adi G) &

= Zé’(r(f)) { D+ AA/;[[W v]w(ade)-B?“éffhﬁ“&”)

= % mod% +MW mod%
- m, \° 2 )T, \7 2
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Anomaly relations (contd)

Three cases:

O Neither u nor v generates an anomalous symmetry ,i.e.p =0 =0
~ symmetry generated by {u, v} is anomaly—free

Araki, Kobayashi, Kubo, Ramos-Sanchez, M.R. & Vaudrevange (2008)
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Three cases:

O Neither u nor v generates an anomalous symmetry ,i.e.p =0 =0
~ symmetry generated by {u, v} is anomaly—free

Araki, Kobayashi, Kubo, Ramos-Sanchez, M.R. & Vaudrevange (2008)

® Only one element, say u, generates an anomalous symmetry, i.e.
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~ W = U -V is anomalous with an anomaly coefficient
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Anomaly relations (contd)

Three cases:

O Neither u nor v generates an anomalous symmetry ,i.e.p =0 =0
~ symmetry generated by {u, v} is anomaly—free

Araki, Kobayashi, Kubo, Ramos-Sanchez, M.R. & Vaudrevange (2008)
® Only one element, say u, generates an anomalous symmetry, i.e.
p#+0=0
~ W = U -V is anomalous with an anomaly coefficient
1
A, = M, (ﬁu mod 5)

©® Both u and v generate anomalous symmetries
~ anomaly coefficient for wis A, = M, - {(1\57) + A‘%) mod %]
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GS mechanism for non—Abelian discrete symmetries

1 Two operations u and v induce shifts of the axion

Uu:a > a+AY and v:a — a+AY

= Action of these shifts on the axion is Abelian
> Axions do not shift under so—called commutator elements

[uv] = uvu vl A~ Uuy = U U, U, tu,t

15 Perfect st are always anomaly—free

a perfect group equals
its commutator subgroup
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L Anomaly coefficients for non—Abelian discrete R and non-R symmetries

GS mechanism for non—Abelian discrete symmetries

1 Two operations u and v induce shifts of the axion

Uu:a > a+AY and v:a — a+AY

= Action of these shifts on the axion is Abelian
> Axions do not shift under so—called commutator elements

[uv] = uvu vl A~ Uuy = U U, U, tu,t

1= Perfect groups are always anomaly—free

== Simple (finite) non—Abelian groups are always perfect

Chen, Fallbacher, M.R., Trautner & Vaudrevange (in preparation)
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GS cancellation of anomalies

1 Two generating elements u and v

= Combined operation w = u - v with anomaly coefficient

M
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= Axion shiftunderw =u-v : @ —» a+AUY
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L Anomaly coefficients for non—Abelian discrete R and non-R symmetries

GS cancellation of anomalies

1 Two generating elements u and v

= Combined operation w = u - v with anomaly coefficient

M
AU-V = w mod TW

= Axion shiftunderw =u-v : a —» a+ AUV
= Consistency

M
Au, = _272M, (AY +AY) mod 7‘”

[ ALY = AW 4 AW j
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L Anomaly coefficients for non—Abelian discrete R and non-R symmetries

GS cancellation of anomalies

1 Two generating elements u and v

= Combined operation w = u - v with anomaly coefficient

M
AU-V = w mod TW

= Axion shiftunderw =u-v : a —» a+ AUV

= Consistency

Au.v = 2 7TMW (A(U) + A(v)) mod TW
M, M, M, M,
= E <p mod 2) + MV ((T mod 2)

| Ay = 2aM,AY mod % |
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L Anomaly coefficients for non—Abelian discrete R and non-R symmetries

GS cancellation of anomalies

1 Two generating elements u and v

= Combined operation w = u - v with anomaly coefficient

M,
A,, = v mod 7W

= Axion shiftunderw =u-v : a —» a+ AUV
1= Consistency v/

A, = 2aM, (&Y +AY) mod

= Azé— <p mod )

M,
2
(o- mod )
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Orbifolds

® start with some R?
@ compactify on a torus

e choose basis vectors ¢,
o define torus lattice A = {m,e,; m, € Z}

e

€1
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Orbifolds

® start with some R?
@ compactify on a torus

e choose basis vectors e,
o define torus lattice A = {m,e,; m, € Z}
o identify points differing by lattice vectors £ € A

e

€1
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® start with some R?
@ compactify on a torus
® mod out a symmetry of the lattice
e choose discrete rotation 7 which maps A onto itself
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Orbifolds

® start with some R?
@ compactify on a torus
® mod out a symmetry of the lattice

e choose discrete rotation 7 which maps A onto itself
o identify points related by

e

€1



Origin of non-Abelian discrete symmetries Orbifolds

Orbifolds
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® mod out a symmetry of the lattice

@ identify fixed points #f = f+(, (€A
e correspondence f « (14, ()

€2

€1
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Orbifolds

® start with some R?
@ compactify on a torus
® mod out a symmetry of the lattice
@ identify fixed points #f = f+(, (€A
e correspondence f « (14, ()
e (is only determined up to translations 4 € (1 —J) A

€2

* e Weatew)
* ((17,0), '(?7761)‘21 ¢
\
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space group $
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Orbifold and space group

w () can also be defined as the quotient space of C? by the so—called
space group $

= Elements of $ are of the form g = (9%, n, etx

basis vectors of the torus lattice
A = Ag, ® Asue) @ Asow)
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Orbifold and space group

w () can also be defined as the quotient space of C? by the so—called
space group $

= Elements of $ are of the form g = (9%, n,e,)

= Actionof Son T3 :2 — gz = P z+n,e,


http://inspirehep.net/search?p=GrootNibbelink:2003rc

Origin of non-Abelian discrete symmetries Orbifolds

Orbifold and space group

w () can also be defined as the quotient space of C? by the so—called
space group $

= Elements of $ are of the form g = (9%, n,e,)
= Actionof Son T3 :2 — gz = P z+n,e,

== Equivalence relation: z ~ gz
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Orbifold and space group

w () can also be defined as the quotient space of C? by the so—called
space group $

= Elements of $ are of the form g = (9%, n,e,)

= Actionof Son T3 :2 — gz = P z+n,e,
== Equivalence relation: z ~ gz

i Action of g € $ on the 16 gauge degrees of freedom X! of Eg x Eg

2 & tzen,e, and X & X+n (BV +1n,W,)

[ 16—dimensional shift vector )
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Orbifold and space group

w () can also be defined as the quotient space of C? by the so—called
space group $

= Elements of $ are of the form g = (9%, n,e,)

= Actionof Son T3 :2 — gz = P z+n,e,
== Equivalence relation: z ~ gz

i Action of g € $ on the 16 gauge degrees of freedom X! of Eg x Eg

g g
z o Fzt+nse, and X & X+x (BV +n, W,
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Orbifold and space group

w () can also be defined as the quotient space of C? by the so—called
space group $

= Elements of $ are of the form g = (9%, n,e,)

= Actionof $onC3:2z — gz = P z+n,e,
== Equivalence relation: z ~ gz

i Action of g € $ on the 16 gauge degrees of freedom X! of Eg x Eg

2 & tzen,e, and X & X+n (BV +n,W,)

Groot Nibbelink, Hillenbach, Kobayashi & Walter (2004)

. —(ﬂkne) o local twist : vy =kv
g=(V"nae, local shift : V,=kV+n,W,


http://inspirehep.net/search?p=GrootNibbelink:2003rc
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Massless closed (twisted) string

== Boundary condition: Z(t, o + n) = g Z(1,0)

(g=("ne) s |




Origin of non-Abelian discrete symmetries Orbifolds

Massless closed (twisted) string

== Boundary condition: Z(t, o + n) = g Z(1,0)

1= |Label states by boundary conditions

‘pw’ﬁ’ﬁ*’g> = Iqsh>R ® (ai—wi)Nl (a{lﬂui)N*i [Psh>L ® Lg>

shifted left—mover
momentum pgh =p + V,
with D E AEgXEs
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Massless closed (twisted) string

== Boundary condition: Z(t, o + n) = g Z(1,0)

1= |Label states by boundary conditions

psh,qs\ﬁﬁ*,@ = lgsn® (@)Y @1.)" e ®l)

shifted right-mover
momentum gsp = g + vy With g € Ago(s)
& gsn(boson) = gsn(fermion) + (12, —1/2, —1/2, —1/2)
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Massless closed (twisted) string

== Boundary condition: Z(t, o + n) = g Z(1,0)

1= |Label states by boundary conditions

psh,qshﬁﬁ*’g> = lgsmr® (a',)"

i

(@ 1.0)" D ® 1)

[ oscillator operators j
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Massless closed (twisted) string

== Boundary condition: Z(t, o + n) = g Z(1,0)

1= |Label states by boundary conditions

panqnN.N"g) = lgsna® (@,,)" (@) ba) el

[ oscillator operators j
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Massless closed (twisted) string

== Boundary condition: Z(t, o + n) = g Z(1,0)

1= |Label states by boundary conditions

oo NN 8) = lasndn® (@) (@1,)" s @)

1z State is created by the vertex operator (in —1 ghost picture)

(az*i)fv*i oy

i

3 ~
AN
VO = ed el Qx [1(o2')
i=1

[ (bosonized) right—-moving coordinates j
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Massless closed (twisted) string

== Boundary condition: Z(t, o + n) = g Z(1,0)

1= |Label states by boundary conditions

oo NN 8) = lasndn® (@) (@1,)" s @)

1z State is created by the vertex operator (in —1 ghost picture)

(az*i)fv*i oy

i

3 ~
) . AN
‘/7(%) — e—qﬁ 2iqsn-H e2|psh~X | I (azl)
i=1

[ bosonized superconformal ghost j
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Massless closed (twisted) string

== Boundary condition: Z(t, o + n) = g Z(1,0)

1= |Label states by boundary conditions

oo NN 8) = lasndn® (@) (@1,)" s @)

1z State is created by the vertex operator (in —1 ghost picture)

(oz)" o,

i

i

3 ~
. . N
VE = g elianH g2paX | I <6Z’)
i=1
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Selection rules

Hamidi & Vafa (1987); Dixon, Friedan, Martinec & Shenker (1987)
Font, Ibafiez, Nilles & Quevedo (1988b, a); Font, Ibafez, Quevedo & Sierra (1990)

= Superpotential from correlators of vertex operators

_ (81) y782) y7(&3) y7 (&) (8L)
A = (VELVELVE VE V)

1 1
. i
1

Vo

(2) N-3
V, 12 %( )


http://inspirehep.net/search?p=Hamidi:1986vh,Dixon:1986qv
http://inspirehep.net/search?p=Font:1988tp,Font:1988mm,Font:1989aj

Origin of non-Abelian discrete symmetries Orbifolds

Selection rules

Hamidi & Vafa (1987); Dixon, Friedan, Martinec & Shenker (1987)
Font, Ibafiez, Nilles & Quevedo (1988b, a); Font, Ibafez, Quevedo & Sierra (1990)

= Superpotential from correlators of vertex operators

_ (81) y782) y7(&3) y7 (&) (8L)
A = (VELVELVE VE V)

(1) 1
i
1
4
(2) N—
| 12 %( 3)

v Correlation function factorizes into correlators involving separately
the fields ¢, X', o, H and Z'


http://inspirehep.net/search?p=Hamidi:1986vh,Dixon:1986qv
http://inspirehep.net/search?p=Font:1988tp,Font:1988mm,Font:1989aj
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v Generator of Zg is represented by the twist vectorv = (0,1, 3,-3)

= Complex torus—coordinates z' get mapped according to
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2> eV fori=1,2,3
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LThe g1l orbifold

The Zg—Il orbifold

v Generator of Zg is represented by the twist vectorv = (0,1, 3,-3)

= Complex torus—coordinates z' get mapped according to
Py P .
2> eV fori=1,2,3

i P i 6 _ 2 2 2
= Consider the factorized six—torus T° = T X Tgy3) X Tsuexsue)

e

€1
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LThe g1l orbifold

The Zg—Il orbifold

v Generator of Zg is represented by the twist vectorv = (0,1, 4,-3)

= Complex torus—coordinates z' get mapped according to

- ) P .
2> eV fori=1,2,3

; i i 6 _ m2 2 2
= Consider the factorized six—torus T° = Tg X T5y3) X Tsyexsue)

(",,1
([}A'71.17 es + 64)
@®
(1)/‘7:]'4,63)
®
€3

(ﬂ/v:l.fl7 O)
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LThe g1l orbifold

The Zg—Il orbifold

v Generator of Zg is represented by the twist vectorv = (0,1, 3,-3)

= Complex torus—coordinates z' get mapped according to
Py P .
2> eV fori=1,2,3

i i i 6 _ m2 2 2
= Consider the factorized six—torus T° = Tg X Tgy3) X TSuexsue)

t

(])A::lﬂ’ 66) (ﬂk':l.%, es + 36)
? )

(ﬂAt:lJ}’ 0) (ﬂk:l..‘}, 65)
@ e >

€5

€6
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LThe g1l orbifold

Discrete R symmetries and sublattice rotations

= () respects symmetries beyond the elements of $

w= Discrete R symmetries < sublattice rotations ")

7z e2’”<’ig fori=1,2.3

l Rez1
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LThe g1l orbifold

Discrete R symmetries and sublattice rotations

= () respects symmetries beyond the elements of $

w= Discrete R symmetries < sublattice rotations ")

7z e2’”<’ig fori=1,2.3

2= (0.0.40) |

W3

Re zo
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LThe g1l orbifold

Discrete R symmetries and sublattice rotations

= () respects symmetries beyond the elements of $

w= Discrete R symmetries < sublattice rotations ")

7z e2’”<’ig fori=1,2.3

(15 = (0,0,0+}) |

Wy

Re z3
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LThe g1l orbifold

Discrete R symmetries and sublattice rotations

= () respects symmetries beyond the elements of $

w= Discrete R symmetries < sublattice rotations ")
. 1()”)

Z s 2 g fori=1,2,3

== More explicitly

z'\ e¥6 0 0 z'
z: | S 0 e 0 z’
Z3 0 0 e—2ﬂ i/2 Z3

e27ri/6 0 0
( 0 i3 0 ) € SUB)nal

0 0 e—27ri/2
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Origin of non-Abelian discrete symmetries
LThe g1l orbifold

Discrete R symmetries and sublattice rotations

= () respects symmetries beyond the elements of $
w= Discrete R symmetries < sublattice rotations ")
1()11)

Z s 2 g fori=1,2,3

== More explicitly
z' : e 0 0 z'
zz | 0 10 z2
VA 0 0 1 VA

e2n i/6 0 0
0 1 0 ¢ SU(3)nol
01
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LThe g1l orbifold

Discrete R symmetries and sublattice rotations

= () respects symmetries beyond the elements of $
w= Discrete R symmetries < sublattice rotations ")
1()11)

Z s 2 g fori=1,2,3

== More explicitly
z' 1 0 0 z!
z2 | % [0 e¥i3 0 z’
Vi o o0 1 VA

1 0 0
0 e¥/3 0 ¢ SU(3)nol
1

0 o0



Origin of non-Abelian discrete symmetries Orbifolds

LThe g1l orbifold

Discrete R symmetries and sublattice rotations

= () respects symmetries beyond the elements of $

w= Discrete R symmetries < sublattice rotations ")
. 1()”)

Z s 2 g fori=1,2,3

= Transformation of the oscillators
. \N NY g0 o . \N N
~ ~7 ! —2miAN1; (=~ ~J
(al‘“i) (a_m,,) e (a]“”f> (a—“%)

AN/ =NY N
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LThe g1l orbifold

Discrete R symmetries and sublattice rotations

= () respects symmetries beyond the elements of $
w= Discrete R symmetries < sublattice rotations ")
. 1()11)

Z s 2 g fori=1,2,3

1= Transformation of the oscillators and |gsn)g
. N _ NY 9 o~ . N _ NY
~; ~] ! —21iAN1; [~ ~7
(a]“”") (a‘““’f ) e (0/“"]’ ) (a‘l’f“’f )

lgsn)g > e ZFienTi |gso and equivalently H — H —nr;
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LThe g1l orbifold

Discrete R symmetries and sublattice rotations

= () respects symmetries beyond the elements of $
w= Discrete R symmetries < sublattice rotations ")
. 1()11)

Z s 2 g fori=1,2,3

1= Transformation of the oscillators and |gsn)g
. N _ NY 9 o~ . N _ NY
~; ~] ! —21iAN1; [~ ~7
(a]“”") (a‘““’f ) e (0/“"]’ ) (a‘l’f“’f )

lgsn)g > e ZFienTi |gso and equivalently H — H —nr;

i} € SU(3)hot While 9" ¢ SU(3)no1 ~ SUperspace
coordinate 6 transforms non-trivially under ®




Origin of non-Abelian discrete symmetries Orbifolds

LThe g1l orbifold

R charges and y phases

= :Oldv R ChargeS Kobayashi, Raby & Zhang (2005)

RKRZJ = o/ + ANV


http://inspirehep.net/search?p=Kobayashi:2004ya
http://inspirehep.net/search?p=Bizet:2013gf
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LThe g1l orbifold

R charges and y phases

= :Oldv R ChargeS Kobayashi, Raby & Zhang (2005)

KRZ,j _ ql AT/
RFZJ = g 1 AN
Cabo Bizet, Kobayashi, Mayorga Pena, Parameswaran, Schmitz, Zavala (2013)

1= However, |g) transforms non—trivially under sublattice rotations


http://inspirehep.net/search?p=Kobayashi:2004ya
http://inspirehep.net/search?p=Bizet:2013gf
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LThe g1l orbifold

R charges and y phases
iz ‘Old’ R charges

Kobayashi, Raby & Zhang (2005)

KRZ,j _ qJ AT/
RFZJ = g 1 AN
Cabo Bizet, Kobayashi, Mayorga Pena, Parameswaran, Schmitz, Zavala (2013)

1= However, |g) transforms non—trivially under sublattice rotations

v Three diagonal T' moduli T; associated with the size of the jth
two—torus

T ~ |qx>x® @110y ®|(1,0))

(0,-1,0,0) for J
qSh = (09 O’ _]-a 0) for 7
(0,0,0,-1) for 7

I
ol D] H|
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R charges and y phases

= :Oldv R ChargeS Kobayashi, Raby & Zhang (2005)

KRZ,j _ qj AT/
RFZJ = g 1 AN
Cabo Bizet, Kobayashi, Mayorga Pena, Parameswaran, Schmitz, Zavala (2013)

1= However, |g) transforms non—trivially under sublattice rotations

v Three diagonal T' moduli T; associated with the size of the jth
two—torus

T; ~ Iqsh)r ® @10y ®I(1,0))

v RRZ can be motivated as the unique combination of gs» and AN
such that VEVs of the T' moduli do not break the corresponding R
symmetries


http://inspirehep.net/search?p=Kobayashi:2004ya
http://inspirehep.net/search?p=Bizet:2013gf
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R charges and y phases

= :Oldv R ChargeS Kobayashi, Raby & Zhang (2005)

KRZ,j _ qj AT/
RFZJ = g 1 AN
Cabo Bizet, Kobayashi, Mayorga Pena, Parameswaran, Schmitz, Zavala (2013)

1= However, |g) transforms non—trivially under sublattice rotations

v Three diagonal T' moduli T; associated with the size of the jth
two—torus

T; ~ Iqsh)r ® @10y ®I(1,0))

v RRZ can be motivated as the unique combination of gs» and AN
such that VEVs of the T' moduli do not break the corresponding R
symmetries ... but there is the freedom to add further contributions


http://inspirehep.net/search?p=Kobayashi:2004ya
http://inspirehep.net/search?p=Bizet:2013gf
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Conjugacy classes

1= g transforms, in general, non—trivially under the action of A € $

gt hoght =g
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LThe g1l orbifold

Conjugacy classes

1= g transforms, in general, non—trivially under the action of A € $
h -1 ’
g~ h-gh =g
== Conjugacy class

gl = {h-g-h' heS}
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LThe g1l orbifold

Conjugacy classes

1= g transforms, in general, non—trivially under the action of A € $
h -1 ’
g~ h-gh =g

== Conjugacy class

gl = {h-g-h' heS}

== For example, the constructing elements g9 and g3 belong to the
same conjugacy class

€1
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LThe g1l orbifold

The “geometrical eigenstate” |[g])

= “Geometrical eigenstate” |[g])

gl = D e eh |h.g.pt)
h
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LThe g1l orbifold

The “geometrical eigenstate” |[g])

= “Geometrical eigenstate” |[g])

gl = D e eh |h.g.pt)
h

1= |[g]) is invariant under all space—group transformations up to the
phase y

gl & XM |[g])

‘=" means ‘modulo 1’

{ g h)=0ifg-h=h-g J
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LThe g1l orbifold

The “geometrical eigenstate” |[g])

= “Geometrical eigenstate” |[g])

gl = D e eh |h.g.pt)
h

1= |[g]) is invariant under all space—group transformations up to the
phase y

gl > e En |[g])

= Redefinition of the twist fields o
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LThe g1l orbifold

The “geometrical eigenstate” |[g])

= “Geometrical eigenstate” |[g])

gl = D e eh |h.g.pt)
h

1= |[g]) is invariant under all space—group transformations up to the
phase y

gl > e En |[g])

= Redefinition of the twist fields o

= Full physical state ‘psh,qsh,ﬁ,ﬁ*,g> is invariant under the action of
everyh e $
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LThe g1l orbifold

The “geometrical eigenstate” |[g])

= “Geometrical eigenstate” |[g])

gl = D e eh |h.g.pt)
h

1= |[g]) is invariant under all space—group transformations up to the
phase y

gl > e En |[g])

= Redefinition of the twist fields o

= Full physical state ‘psh,qsh,ﬁ,ﬁ*,g> is invariant under the action of
everyh e $
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LThe g1l orbifold

Some properties of the y phases

rz For fixed g € 8, y(g, h) is a homomorphism from the space group $
to Zg

y(g’hl ‘ hZ) = y(g’hl) + 7(3, hZ)
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LThe g1l orbifold

Some properties of the y phases

rz For fixed g € 8, y(g, h) is a homomorphism from the space group $
to Zg

y(g’hl ‘ hZ) = y(g’hl) + 7(3, hZ)

w For h = (9‘,m,e,) one has

y@g.h) = ¢ 7%‘})+ mey(8,eq)

e =1(@.0.0) |
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LThe g1l orbifold

Some properties of the y phases

rz For fixed g € 8, y(g, h) is a homomorphism from the space group $
to Zg

y(g’hl ‘ hZ) = y(g’hl) + 7(3, hZ)

w For h = (9‘,m,e,) one has

y@g.h) = €y, 1‘})+may(§)

[ y(@g.e.) = y(g. (1,e.)) j
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LThe g1l orbifold

v charges for sublattice rotations

e |t turns out that, in its action on |[g]), 9V is equivalent to an
appropriate space—group transformation 2 € $

@® ® ®

€3
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LThe g1l orbifold

v charges for sublattice rotations

e |t turns out that, in its action on |[g]), 9V is equivalent to an
appropriate space—group transformation 2 € $

@® ® ®

€3
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LThe g1l orbifold

v charges for sublattice rotations

e |t turns out that, in its action on |[g]), 9V is equivalent to an
appropriate space—group transformation 2 € $

@« @® @®
9(2)

€4

€3
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LThe g1l orbifold

v charges for sublattice rotations

e |t turns out that, in its action on |[g]), 9V is equivalent to an
appropriate space—group transformation 2 € $

@« @® @®
9(2)

€3
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v charges for sublattice rotations

e |t turns out that, in its action on |[g]), 9V is equivalent to an
appropriate space—group transformation 2 € $

= Geometrical eigenstates [[g]) are eigenstates with respect to a
sublattice rotation "

7')(‘/‘) ori 9()
lgl) — e*&") |ig])
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v charges for sublattice rotations

e |t turns out that, in its action on |[g]), 9V is equivalent to an
appropriate space—group transformation 2 € $

= Geometrical eigenstates [[g]) are eigenstates with respect to a
sublattice rotation "

7')(‘/‘) ori 9()
lgl) — e*&") |ig])

= Phase y (g,9") can be expressed in terms of y(g, ) and y(g, e,)
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LThe g1l orbifold

v charges for sublattice rotations

e |t turns out that, in its action on |[g]), 9V is equivalent to an
appropriate space—group transformation 2 € $

= Geometrical eigenstates [[g]) are eigenstates with respect to a
sublattice rotation "

1')(‘/‘) ori 9()
lgl) — e*&") |ig])

= Phase y (g,9") can be expressed in terms of y(g, ) and y(g, e,)

bottom-line:

9 are conjugacy—class preserving outer
automorphisms of the space group $




Origin of non-Abelian discrete symmetries Orbifolds

LThe g1l orbifold

R charges for twisted fields

1= Proper R charges

Nilles, Ramos-Sanchez, M.R. & Vaudrevange (2013)

R = ¢, + AN/ - N’ (g, 9")

[ order of the sublattice rotation ]



http://inspirehep.net/search?p=Nilles:2013lda
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LThe g1l orbifold

R charges for twisted fields

1= Proper R charges

Nilles, Ramos-Sanchez, M.R. & Vaudrevange (2013)

R = ¢, + AN/ - N’ y(g,9")

= |nvariance of

psh,qsh,ﬁ,ﬁ*,g> under $ implies

~ 1 !
Dsh - Vi = (Qsh+AN) 'Uh_§(Vg‘Vh_Ug‘Uh)""y(gah) =0


http://inspirehep.net/search?p=Nilles:2013lda
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LThe g1l orbifold

R charges for twisted fields

1= Proper R charges

Nilles, Ramos-Sanchez, M.R. & Vaudrevange (2013)

R = ¢, + AN/ - N’ y(g,9")

= |nvariance of

psh,qsh,ﬁ,ﬁ*,g> under $ implies

~ 1 !
Psh Vi — (Qsh+AN) 'Uh_§(Vg‘Vh_Ug‘Uh)""y(gah) =0

1= This allows us to compute, for a given g € 8, the y phases y(g, h) for
alhed


http://inspirehep.net/search?p=Nilles:2013lda
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LThe g1l orbifold

R charges for twisted fields: example

Nilles, Ramos-Sanchez, M.R. & Vaudrevange (2013)

1 E.g. second two—torus (¢ acts as Zs)

llga]) = Z e 2mi(ms+ma)y(ga.es)

mgs,my

(1‘)‘13, (n3 +mg +my)es + (ng + 2my — m3)e4)>


http://inspirehep.net/search?p=Nilles:2013lda

Origin of non-Abelian discrete symmetries Orbifolds

LThe g1l orbifold

R charges for twisted fields: example

Nilles, Ramos-Sanchez, M.R. & Vaudrevange (2013)

1 E.g. second two—torus (¢ acts as Zs)

llga]) = Z e 2mi(ms+ma)y(ga.es)

mgs,my

(1‘)‘13, (n3 +mg +my)es + (ng + 2my — m3)e4)>

== Compare

h=(1,s3e3+s4e4)

I[ga]> — e2ﬂi(83+s4)7(gas93) |[ga]>

and

(1" o 2ri .
llgal) > e FImIYE) gy ])


http://inspirehep.net/search?p=Nilles:2013lda
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R charges for twisted fields: example

Nilles, Ramos-Sanchez, M.R. & Vaudrevange (2013)

1 E.g. second two—torus (¢ acts as Zs)

llga]) = Z e 2mi(ms+ma)y(ga.es)

mgs,my

(1‘)‘13, (n3 +mg +my)es + (ng + 2my — m3)e4)>

== Compare

h—(]l S3e3+S4e4q)

I[ga]> |_Y—) e2ﬂi(83+s4)7(gas93) |[ga]>

and

(1" o 2ri .
llgal) > e FImIYE) gy ])

= v (ga,9?) = —k(n3+n4)ygaes)


http://inspirehep.net/search?p=Nilles:2013lda

Origin of non-Abelian discrete symmetries Orbifolds
LThe g1l orbifold

R charges for Zg—ll

1= Effective R charges

R' = -6[ql+AN'-6¥(@.0)
— 6k (n3 + n4) (@ e5) + 6 (15 ¥(g. e5) + 16 y(g,eﬁ))}

R? = _@ 'qgh +AN? + 3k (n3 + n4)7(g,63)}

R3 = -2 :qgh + ANB) -2 (n5 y(g,e5) + nsy(g,es))}



Flavor
symmetries
from

orbifolds



Origin of non-Abelian discrete symmetries Flavor symmetries from orbifolds

LExample: sl |Zg

Example: $1/Zs




Origin of non-Abelian discrete symmetries Flavor symmetries from orbifolds

LExample: sl |Zg

Example: $1/Zs




Origin of non-Abelian discrete symmetries Flavor symmetries from orbifolds

LExample: sl |Zg

Example: $1/Zs




Origin of non-Abelian discrete symmetries Flavor symmetries from orbifolds

LExample: sl |Zg

Example: $1/Zs




Origin of non-Abelian discrete symmetries Flavor symmetries from orbifolds

Example: $1/Zs




Origin of non-Abelian discrete symmetries Flavor symmetries from orbifolds

LExample: sl |Zg

Example: $1/Zs

= 2 fixed points: (,0) and (¢, e1)



Origin of non-Abelian discrete symmetries Flavor symmetries from orbifolds

LExample: sl |Zg

Example: $1/Zs

= 2 fixed points: (,0) and (¢, e1)

15 Space group rule

[[@.m7e) = @0
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LExample: sl |Zg

Example: $1/Zs

(1=

=

2 fixed points: (¢4, 0) and (9, e1)

Space group rule
[[@.m7e) = @0

Coupling between n localized states (ﬂ"“,m@ ej) only allowed if

® n = even ~ first Zig symmetry
@ > ,;m? = even ~ ‘second’ Zy symmetry
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LExample: sl |Zg

Example: $1/Zs

= 2 fixed points: (,0) and (¢, e1)
15 Space group rule
n
[[@.m7e) = @0
Jj=1
= Coupling between n localized states (ﬂ"“,m@ ej) only allowed if

® n = even ~ first Zig symmetry
@ > ,;m? = even ~ ‘second’ Zy symmetry

= Combine localized states in doublets

_ (7, 0))
|LP10C> - ( |(ﬁ,el)> >
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LExample: sl |Zg

Example: $1/Zs

= 2 fixed points: (,0) and (¢, e1)
15 Space group rule
n
[[@.m7e) = @0
Jj=1
= Coupling between n localized states (ﬂ"“,m@ ej> only allowed if

® n = even ~ first Zig symmetry
@ > ,;m? = even ~ ‘second’ Zy symmetry

= Combine localized states in doublets

_ [(2, 0)) ® -1 0 [(7, 0))
Floc) = (|(ﬂ,e1>>> - ( 0 —1) (|<ﬁ,e1)>>
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LExample: sl |Zg

Example: $1/Zs

= 2 fixed points: (,0) and (¢, e1)
15 Space group rule
n
[[@.m7e) = @0
Jj=1
= Coupling between n localized states (ﬂ"“,m@ ej> only allowed if

® n = even ~ first Zig symmetry
@ > ,;m? = even ~ ‘second’ Zy symmetry

= Combine localized states in doublets

_ [(2, 0)) ® -1 0 [(7, 0))
Floc) = (|(ﬂ,e1>>> - ( 0 —1) (|<ﬁ,e1)>>

2 (1 0 ) ( (19, 0)) )
0 -1 (0, e1))
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Example: $1/7Zs

couplings invariant
15 space group rule & under [Pipe) — - 19 |¥)
and i) — o3|¥)



Origin of non-Abelian discrete symmetries Flavor symmetries from orbifolds

LExample: sl |Zg

Example: $1/Zs

couplings invariant
15 space group rule & under [Pipe) — - 19 |¥)
and i) — o3|¥)

1= |n absence of background fields: fixed points are equivalent
(spectra of fields living at the fixed points coincide)
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LExample: S/ Zgy

Example: $1/Zs

couplings invariant
15 space group rule & under [Pipe) — - 19 |¥)
and [Yiee) — o3l¥)
1= |n absence of background fields: fixed points are equivalent

= Theory invariant under relabeling m?’ = 0 < m"¥ =1
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LExample: sl |Zg

Example: $1/Zs

couplings invariant
15 space group rule & under [Pipe) — - 19 |¥)
and [Yiee) — o3l¥)
1= |n absence of background fields: fixed points are equivalent

= Theory invariant under relabeling m?’ = 0 < m"¥ =1

= ‘Permutation’ symmetry

( (7, 0)) ) = ( (9, e1)) > _ (0 1 > ( |(19,e1)>)
(9, e1)) (7, 0)) 10 (7, 0))
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LExample: sl |Zg

Example: $1/Zs

couplings invariant
15 space group rule & under [Pipe) — - 19 |¥)
and [Yiee) — o3l¥)
1= |n absence of background fields: fixed points are equivalent

= Theory invariant under relabeling m?’ = 0 < m"¥ =1

= ‘Permutation’ symmetry

( (7, 0)) ) = ( (9, e1)) > _ (0 1 > ( |(19,e1)>)
(9, e1)) (7, 0)) 10 (7, 0))

bottom-line:

couplings need to be invariant under [Wy,.) — T [¥ioc) Where
T € {_]1’ g3, 0_1}
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Example: $1/Zs

1= Flavor symmetry arising from the space group rule is the
multiplicative closure of an Sy permutation symmetry with Zy X Zs

Goavor = So U (Zg x 7o) = Sow (g X Zg) = Dy

D4 = {i]' » 071, £log, iU—B} Dixon, Friedan, Martinec & Shenker (1987)


http://inspirehep.net/search?p=Dixon:1986qv
http://inspirehep.net/search?p=Kobayashi:2006wq
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Example: $1/Zs

1= Flavor symmetry arising from the space group rule is the
multiplicative closure of an Sy permutation symmetry with Zy X Zs

Goavor = So U (Zg x 7o) = Sow (g X Zg) = Dy

= {+ + +ioo , +
D4 {_ I]' » 071, £log, _0—3} Dixon, Friedan, Martinec & Shenker (1987)
Kobayashi, Nilles, Pléger, Raby & M.R. (2007)

whenever there are equivalent fixed points, there is a
non—Abelian discrete flavor symmetry
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LExample: S/ Zgy

Example: $1/Zs

1= Flavor symmetry arising from the space group rule is the
multiplicative closure of an Sy permutation symmetry with Zy X Zs

Goavor = So U (Zg x 7o) = Sow (g X Zg) = Dy

= {+ + +ioo , +
D4 {_ I]' » 071, £log, _0—3} Dixon, Friedan, Martinec & Shenker (1987)
Kobayashi, Nilles, Pléger, Raby & M.R. (2007)

whenever there are equivalent fixed points, there is a
non—Abelian discrete flavor symmetry

the non—Abelian flavor symmetry is larger than the
symmetry of compact space



http://inspirehep.net/search?p=Dixon:1986qv
http://inspirehep.net/search?p=Kobayashi:2006wq
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LExample: S/ Zgy

Example: $1/Zs

1= Flavor symmetry arising from the space group rule is the
multiplicative closure of an Sy permutation symmetry with Zy X Zs

Goavor = So U (Zg x 7o) = Sow (g X Zg) = Dy

= {+ + +ioo , +
D4 {_ I]' » 071, £log, _0—3} Dixon, Friedan, Martinec & Shenker (1987)
Kobayashi, Nilles, Pléger, Raby & M.R. (2007)

whenever there are equivalent fixed points, there is a
non—Abelian discrete flavor symmetry

the non—Abelian flavor symmetry is larger than the
symmetry of compact space

1= Other orbifolds: same conclusions


http://inspirehep.net/search?p=Dixon:1986qv
http://inspirehep.net/search?p=Kobayashi:2006wq

Origin of non-Abelian discrete symmetries Flavor symmetries from orbifolds
LExample: SI/EZ

Character table for D4

| representation | 1 [ -1 [ oy | o3 | Fiog |
doublet D 2| -2 0 0 0
singlet A, 1 1 1 1 1
singlet B; 1 1 1 —1 —1
singlet By 111 -1 1 —1
singlet Ag 1 1 —1 —1 1
Dlﬁl +D2E2~ Al D152+D251~ B1

Dlﬁl—DQEz"’ Bg Dlﬁg—D251~ Ag
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L Symmetry enhancement

Symmetry enhancement (1)

= Consider Zgy plane T2 /74 with special symmetries:
e1 and ey have the same length and enclose an angle of 120°

€9

€1
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= Consider Zgy plane T2 /74 with special symmetries:
e1 and ey have the same length and enclose an angle of 120°

€9
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= Distances between all orbifold fixed points coincide
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L Symmetry enhancement

Symmetry enhancement (1)

= Consider Zgy plane T2 /74 with special symmetries:
e1 and ey have the same length and enclose an angle of 120°

€9

60°

O
€1

= Distances between all orbifold fixed points coincide

= Symmetry enhancement
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L Symmetry enhancement

Symmetry enhancement (1)

= Consider Zgy plane T2 /74 with special symmetries:
e1 and ey have the same length and enclose an angle of 120°

= Distances between all orbifold fixed points coincide
= Symmetry enhancement

== Qrbifold is a regular tetrahedron
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L Symmetry enhancement

Tetrahedron

The tetrahedron is
invariant under 120°
rotations around an axis
that goes through one of
its vertices and hits the
center of the opposite face,

corresponding to -9
1 000
0 01O
I= 0 001
0100
acting on

K<l D]> ][] [=]o][+]

coo0e
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L Symmetry enhancement

Tetrahedron

The tetrahedron is
invariant under 180°
rotations around an axis
that hits to opposite edges
in their middle,
corresponding to

0100
1 0 0O
=100 0 1
0 0 10
acting on

K<l D]> ][] [=]o][+]

co0®e
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L Symmetry enhancement

Symmetry enhancement (ll)

== Tetrahedron is invariant under a discrete rotation by 120°

1 0 0O (1]
0 0 1 : (2]
T = 000 1 acting on P
01 00 (4]
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L Symmetry enhancement

Symmetry enhancement (ll)

1= Tetrahedron is invariant under a discrete rotation by 120°

1 000 (1]
T = 0010 acting on o
0 0 01 (3]
0100 (4]

= |nvariance under the 180° rotations to the further symmetry
transformations

_ g1 0 ,r 0]12
S—<0 0_1) andS—(]12 0>
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L Symmetry enhancement

Symmetry enhancement (ll)

1= Tetrahedron is invariant under a discrete rotation by 120°

1 000 (1]
T = 0010 acting on o
0 0 01 (3]
0100 (4]

= |nvariance under the 180° rotations to the further symmetry
transformations

_ g1 0 ,r 0]12
S—<0 0_1) andS—(]12 0>

= Symmetry of the tetrahedron is A4
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L Symmetry enhancement

Symmetry enhancement (ll)

1= Tetrahedron is invariant under a discrete rotation by 120°

00 (1]

0
0 .
0 acting on
1

coor
[~

1
0

= |nvariance under the 180° rotations to the further symmetry
transformations

_ g1 0 ,r 0]12
S—<0 0_1) andS—(]12 0>

= Symmetry of the tetrahedron is A4

= Ay arises as multiplicative closure of the Zg and Zg groups with
elements {1, S} and {1, T, T?}
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L Symmetry enhancement

Symmetry enhancement (l11)

= A, is not the full relabeling symmetry because the geometric
relations between the fixed points do not change upon reflections


http://www.gap-system.org

Origin of non-Abelian discrete symmetries Flavor symmetries from orbifolds
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Symmetry enhancement (l11)

= A, is not the full relabeling symmetry because the geometric
relations between the fixed points do not change upon reflections

= Full relabeling symmetry is S4 and full flavor symmetry is SG(192,
1493) name from GAP


http://www.gap-system.org
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L Symmetry enhancement

Symmetry enhancement (l11)

= A, is not the full relabeling symmetry because the geometric
relations between the fixed points do not change upon reflections

= Full relabeling symmetry is S4 and full flavor symmetry is SG(192,
1493) name from GAP

== Symmetry breakdown when the angle between e; and es and/or
their length ratio changes


http://www.gap-system.org
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L Symmetry enhancement

Symmetry enhancement (l11)

= A, is not the full relabeling symmetry because the geometric
relations between the fixed points do not change upon reflections

= Full relabeling symmetry is S4 and full flavor symmetry is SG(192,
1493) name from GAP

== Symmetry breakdown when the angle between e; and es and/or
their length ratio changes

== Angle and ratio are parametrized by a field Z

[ complex structure modulus j



http://www.gap-system.org
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L Symmetry enhancement

Symmetry enhancement (l11)

= A, is not the full relabeling symmetry because the geometric

(I

relations between the fixed points do not change upon reflections

Full relabeling symmetry is S4 and full flavor symmetry is SG(192,
1493) name from GAP

Symmetry breakdown when the angle between e; and e, and/or
their length ratio changes

Angle and ratio are parametrized by a field Z

Coupling strengths respect an enhanced symmetry if Z takes
special values


http://www.gap-system.org
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L Symmetry enhancement

Symmetry enhancement (l11)

= A, is not the full relabeling symmetry because the geometric

(I

relations between the fixed points do not change upon reflections

Full relabeling symmetry is S4 and full flavor symmetry is SG(192,
1493) name from GAP

Symmetry breakdown when the angle between e; and e, and/or
their length ratio changes

Angle and ratio are parametrized by a field Z

Coupling strengths respect an enhanced symmetry if Z takes
special values

In other words, the fluctuations of Z around the critical value furnish
a non-trivial representation under the symmetry


http://www.gap-system.org
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L Symmetry enhancement

Full flavor symmetry SG(192, 1493)

= Character table

1 /1 1 1 1 1 1 1 1 1 1 1 1 A1
ri{1 -1 1 -1 1 -1 -1 1 1 -1 1 1 A1
2 /2 o 2 0 -1 0 0 2 2 0 -1 2 2
3 /3 -1 -1 1 0o 1 -1 3 -1 -1 0o -1 3
3 /3 -1 3 -1 0 {1 1 -1 -1 -1 0 -1 3
/3 414 -1 -1 o -1 1 3 -1 1 o0 -1 3
/3 1 3 1 0o -1 -1 -1 -1 1 0 -1 3
3/3 -1 -1 1 o -1 1 -1 3 -1 0 -1 3
3|3 1+ -1 -1 o 1 -1 -1 3 1 0 -1 3
4 |4 2 0o 0o 1 0o 0 0 0O -2 -1 0 -4
4 |4 -2 0 0 1 0 0 0O o0 2 -1 0 -4
6 /6 0 -2 0 0 0 0O -2 -2 0 0 2 6
8 /8 0 0 0 -1 0 o o O O 1 0 -8
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== Symmetry generated by S is discrete rotational symmetry of order 6
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= Also bulk fields transform non—trivially
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L Symmetry enhancement

Symmetry enhancement (1V)

== Symmetry generated by S is discrete rotational symmetry of order 6
= Also bulk fields transform non—trivially

1= R charges of bosons and fermions differ by 1/2
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L Symmetry enhancement

Symmetry enhancement (1V)

== Symmetry generated by S is discrete rotational symmetry of order 6
= Also bulk fields transform non—trivially
1= R charges of bosons and fermions differ by 1/2

= Hence it is a discrete R symmetry of order 12
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L Symmetry enhancement

Symmetry enhancement (1V)

== Symmetry generated by S is discrete rotational symmetry of order 6
= Also bulk fields transform non—trivially

1= R charges of bosons and fermions differ by 1/2

= Hence it is a discrete R symmetry of order 12

= 719 can always be written as Z4 X Zs , €.9.

Z12|0 1 2 3 4 5 6 7 8 9 10 11
Zy |10 3 21 0 3 2103 2 1
Zs (001 2 01 2 01 2 0 1 2
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L Symmetry enhancement

Symmetry enhancement (1V)

== Symmetry generated by S is discrete rotational symmetry of order 6
= Also bulk fields transform non—trivially

1= R charges of bosons and fermions differ by 1/2

= Hence it is a discrete R symmetry of order 12

= 719 can always be written as Zy4 X Zs

= ¢ has Z4 charge 3 and Zs charge 1
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L Symmetry enhancement

Symmetry enhancement (1V)

== Symmetry generated by S is discrete rotational symmetry of order 6
= Also bulk fields transform non—trivially

1= R charges of bosons and fermions differ by 1/2

= Hence it is a discrete R symmetry of order 12

= 719 can always be written as Zy4 X Zs

= ¢ has Z4 charge 3 and Zs charge 1

= Symmetry can be witten as Z& x Z% for bulk fields
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L Symmetry enhancement

Symmetry enhancement (1V)

== Symmetry generated by S is discrete rotational symmetry of order 6
= Also bulk fields transform non—trivially

1= R charges of bosons and fermions differ by 1/2

= Hence it is a discrete R symmetry of order 12

= 719 can always be written as Zy4 X Zs

= ¢ has Z4 charge 3 and Zs charge 1

= Symmetry can be witten as Z& x Z% for bulk fields

bottom-line:

non—Abelian discrete R symmetries can arise from
Abelian orbifolds
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== Consider a torus where e; and ey have the same length and enclose
90°
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L Symmetry enhancement

Symmetry enhancement (V)

== Consider a torus where e; and ey have the same length and enclose

90°
= Switch on two identical Wilson lines
W
(4) ©
(1) (2}

W
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L Symmetry enhancement

Symmetry enhancement (V)

== Consider a torus where e; and ey have the same length and enclose
90°

= Switch on two identical Wilson lines

= Two pairs of equivalent fixed points:

(¢) = (3)
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L Symmetry enhancement

Symmetry enhancement (V)

== Consider a torus where e; and ey have the same length and enclose
90°

== Switch on two identical Wilson lines
= Two pairs of equivalent fixed points:
(1] (2]
(o) = (o)

= Setting can give rise to models with 2 + 1 generations
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Summary

9 R symmetries can be non—Abelian even in N = 1 SUSY

e superspace coordinate transforms in non—trivial 1—dimensional
representation
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Summary

9 R symmetries can be non—Abelian even in N = 1 SUSY

9 Green—Schwarz anomaly cancellation also available for non—Abelian
symmetries
e GS axion transforms in non-trivial 1-dimensional representation
o Perfect groups are always anomaly—free
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Summary

9 R symmetries can be non—Abelian even in N = 1 SUSY

9 Green—Schwarz anomaly cancellation also available for non—Abelian
symmetries

Q Non—Abelian discrete R symmetries can emerge from Abelian
orbifolds
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Summary

9 R symmetries can be non—Abelian even in N = 1 SUSY

9 Green—Schwarz anomaly cancellation also available for non—Abelian
symmetries

Q Non—Abelian discrete R symmetries can emerge from Abelian
orbifolds

@ Applications to model building appear to be quite rich
One single symmetry to
e explain flavor structure
e solve u & proton decay problems
o flavon VEV alignment
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super-
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breaking
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super-
symmetry
breaking

nucleon
stability

geometry
of compact

" x non—Abelian
dimensions

discrete R
symmetries

CP violation flavor
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L orbifold classification

Complete classification of symmetric toroidal orbifolds

herM-B-Teirado & Vaudrevange (2013)

| #of generators  # of SUSY | Abelian | NON—ADBHAN |« oy 1 rocer

1 N=4 1 0
N =2 4 0

N=1 9 0

14 0

2 N=4 0 0
N=2 0 3

N=1 8 32

8 35

3 N =4 0 0
N=2 0 0

N=1 0 3

0 3

total: N=4 1 0
N=2 4 3

N=1 17 35

22 38




Origin of non-Abelian discrete symmetries

Backup slides

L orbifold classification

Abelian orbifolds with N’ = 1 SUSY

| # of Abelian N =1

label of twist # of # of affine
Q—class vector(s) Z—classes | classes
Zs %(1, 1,-2) 1 1
iy, +(1,1,-2) 3 3
Zig—| 1(1, 1,-2) 2 2
/el 3(1,2, -3) 4 4
Zn i(1,2, -3) 1 1
Zig—| 1(1, 2,-3) 3 3
Zg—Il 2(1,3, —-4) 2 2
Ziyo—| 1i(1,4, -5) 2 2
Zao—l i5(1,5,-6) 1 1
Ty X Tog Lo,1,-1), 1@,0,-1) 12 35
g X 7y, i(0, 1,-1), 2(1,0,-1) 10 41
Zo X Zig—| 2(0, 1,-1), %(1,0, -1) 2 4
Zo X Tig—Il %(o, 1,-1), §(1, 1,-2) 4 4
Ziz X U3 =(0,1,-1), 2(1,0,-1) 5 15
Zg X Zg i(0, 1,-1), 3(1,0, -1 2 4
Ziy X 7oy %(0, 1,-1), %(1,0, -1 5 15
Zie X Zg 50,1,-1), 7(1,0,-1) 1 1
60

138

Fischer et al. (2013)
cf. talk by M. Fischer



Origin of non-Abelian discrete symmetries Backup slides

L A(54) from the 2 orbifold

T2/ Zs orbifold

€2


http://inspirehep.net/search?p=Chen:2014tpa
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L A(54) from the 2 orbifold

T2/ Zs orbifold

€2


http://inspirehep.net/search?p=Chen:2014tpa
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T2/ Zs orbifold

L A(54) from the 2 orbifold

v Coupling between n localized states |(,m" e1)) only allowed if

n = 3 x(integer) A Zm({) = 0 mod 3
j=1


http://inspirehep.net/search?p=Chen:2014tpa
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L A(54) from the 2 orbifold

T2/ Zs orbifold

(7, 0)) (7, 0))
(7, e1)) - (9, e1))
(4, 2e1)) (4, 2e1))

v Coupling between n localized states |(7,m" e1)) only allowed if

n = 3 x(integer) A Zm(l’) = 0 mod 3
j=1


http://inspirehep.net/search?p=Chen:2014tpa
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L A(54) from the 2 orbifold

T2/ Zs orbifold

(17, 0)) w
(7, e1)) - |0
(9, 2e1)) 0

o g o
g oo

(7, 0))
(9, e1))
(4, 2e1))

v Coupling between n localized states |(7,m" e1)) only allowed if

n
n = 3 x(integer) A Zm(l’) = 0 mod 3
j=1


http://inspirehep.net/search?p=Chen:2014tpa
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L A(54) from the 2 orbifold

T2/ Zs orbifold

(9, 0)) 1 0 0 (9, 0))
(9, e1)) - 0 w O (9, e1))
(9, 2e1)) 0 0 o? (9, 2e1))

v Coupling between n localized states |(,m" e1)) only allowed if

n
n = 3x(integer) A Zm(ll) = 0 mod 3
-1


http://inspirehep.net/search?p=Chen:2014tpa
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L A(54) from the 2 orbifold

T2/ Zs orbifold

v Coupling between n localized states |(1,m" e1)) only allowed if

n = 3x(integer) A Zm({) = 0 mod 3
=y

= Flavor symmetry

S3 U (Zg x Z3) = Sgw=(ZgxZ3) = A(b4)

talk by Mu-Chun

== Note: A(54) isa ‘type I’ group Chen, Fallbacher, Mahanthappa, M.R. & Trautner (2014)


http://inspirehep.net/search?p=Chen:2014tpa
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L A(54) from the 2 orbifold

Character table of A(54)

1 1
1, 1 -1 -1 1 1 1 -1 1 A 1
2; 2 0 0 2 -1 -1 o0 -1 2 2
2, 2 0 0 -1 -1 -1 0o 2 2 2
25 2 0 0 -1 -1 2 o0 -1 2 2
2, 2 0 0 -1 2 -1 o0 -1 2 2
3 3 -0 -—-w 0 0 0o -1 0 3w 3w
3 3 - w - 0 0 0 -1 0 3w 3w
3 3 w @w 0 0 0 1 0 3w 3w
3 3 @ w 0 0 0 1 0 3 3w
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Survey of flavor symmetries

L A(54) from the 2 orbifold

orbifold | flavor symmetry | sector | string fundamental states
S/ 7y Dy U 1
T, 2
TQ/Z2 (D4 X D4)/Z2 U 1
T, 4
T?/Zs A(54) U 1
T 3
Ty 3
T?/Z4 U 1
(D4 X Z4)| 7o T, 2
Te 1A1 + 1B1 + 132 + ].A2
T?/Zg trivial
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L A(54) from the 2 orbifold

Survey of flavor symmetries (cont'd)

orbifold | flavor symmetry | sector | string fundamental states

T*/Zs U 1
T 2
(D4 X 7.8)] Lo T2 lA1 + 131 + 132 + 1A2
Ts 2
Ty 4x 14, +1p, + 15, +14,)
T*/Z1 trivial
T®/ 7 U 1
S7 < (Z7)® Ty, 7
Tk 7
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