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Oscillation probability
|v(x,1)>= cos0 g,(x - v, t) |v,> + sind g5(x - v3‘r)ei¢ lvs >

| v, >=cos0|v,> +sind | vy>

Mass states are orthogonal and normalized: <v;|[vy> = &y

A(v,) = <v, |V (x,1)> = cos?0 go(x - v, 1) +sin?0 g3(x - vst) ei(b



Oscillation probability

Amplitude of (survival) probability
A(v,) = <v, [v(X,1)> = cos0 g,(x - v, T) +sin?0 g5(x - vst) e'?

Probability in the moment of time t
P(v,) = fdx |<v, v (x,1)>[% =

interference

= co0s*0 + sin%0 + 2sin20 cos20 cos ¢ fdx ga(x = v, 1) g5(x - v3t)

since fdx g2 =1 Similarly one can integrate over time for fixed x
Ifgs3=9;
P(v,) = 1-2sin%0 cos?0 (1 - cos ¢) = 1 - sin? 20 sin? 3¢

_ Am2x _2mX @ depth of
¢= 2E | oscillations

v




Coherence in propagation ~

In the configuration space: separation of the wave packets due to
difference of group velocities

Avy. = Am? /2E?

separation: Av,. L = Am? L/2E?

ho overlap: Av,.L> o,
coherence length:

B — Leoh = O E2/Am?
X

In the energy space: averaging over oscillations

Oscillatory period in the energy space ET = 4mnE2/(Am? L) BB3

Averaging (loss of coherence) if energy resolutionog is E' < o

- leads to the same coherence length

If ET> o - restoration of coherence even if the wave packets separated



Equivalenceof consierationsin p-and - Spaces

Averaging over energy - loss of coherence due to separation of WP

L Stodolsky theorem on BB

Wave packets are
unnecessary

for computation

of observable effects

In stationary state
approximation »
or if there is no
fime tagging

The only what is needed
is to make correct integration
over

Production Energy resolution
energy spectrum of a detector




BB4

Spread of wave packets

Due to presence of waves with different energies in the packet

Dispersion of the velocities with energy J. Kersten, AYS
1512.09068 [hep-ph]
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mass states {}
in the Earth Loss of coherence:  YES NO?




Spread of the wave packels and coherence
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dpread of wave packets

Coherent parts (same color)
- stop to overlap

Loss of coherence between overlapping parts of the WP

WP becomes "classical”: describing that the highest
energy neutrinos arrive first

No effect on coherence if considered in the p-space




Propagation of wave packets

What happens?
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PhysiCS summary

Appearance P(v,) = sin226 sin2 =X
probability |

A%

All complications are "absorbed” in normalization
or reduced to partial averaging of oscillations
or lead to negligible corrections of order m/E <« 1

rence

ons - effect of the phase diffe
mass eigenstates

Oscillati
increase between

Admixtures of the mass eigenstates v; ina given
neutrino state do not change during propagation

Flavors (flavor co

are fixed by the mposition) of the eigenstates

vacuum mixing angle




. . If loss of coherence
and other complications
related to WP picture
are irrelevant -

" point-like" picture
r 3\

Ve
ig—;P= H Y Y=y,

Ve

. o

M M* generalization for ultra

m2
2E
p is omitted

mZ > M M*

E~p+

H = 2E relativistic v of

M is the mass matrix

mixing matrix

MM =U Mdiagz U+
Mgieo? = diag (m;2, m,%, ms?) For 2 flavors on BB5




Neutrino polarization vectors

Polarization vector: Re v,*v,,
X N Imv, v,
P=vol2y | () v,tv, - 1/2

Pauli matrices

Elements
of density
matrix

TC

where B = | (sin 20, O, cos20)

Differentiating P from (*) and using equation of motion for ¥

Coincides with equation for the electron
spin precession in the magnetic field




Graphic representation

P -

Imv,2 v, v,2v,-1/2)

Zln (sin 20, 0, cos20)

A%

B-

Evolution equation

d—,’j=-?8x?>

¢ = 2nt/ |, - phase of oscillations

P,.= v, v, = P,+1/2 = cos20,/2 probability to find v,




Oscillations
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Matter potential -~

for v v,

at low energies Re A >>Im A v, e
inelastic interactions can be neglected

potentials
Refraction index: difference of potentials
n-1=V/p V=V,-V, =\2Gn,
for E =10 MeV V ~ 10-13 eV inside the Earth

_ {~ 1020 inside the Earth
<108 inside the Sun




Matter potential

At low energies: neglect the inelastic scattering and absorption
effect is reduced to the elastic forward scattering (refraction)
described by the potential V. (mean field approximation):

v is the wave function

Hiw(v)= <y |Hpylwv>=V vy of the medium
i i -
CC interactions with electrons
G. W
— F Y
Hin= = VI —rs)v eyl -vs)e e =2 v,

<€7,(1-ys)e> =n, - electron number density F larized
or unpolarize

_ > —> .

<eye>=n,V - velocity of electrons medium at rest:

<ETYe> = N, A, - averaged polarization vector V =\N2 Ggn,
of electrons




MiXing in matter

Mixing is determined with respect to the eigenstates of propagation

inlVacuims (w) " in matter:
@

Ho H(n, E)=H+V

Vimass Vi V, VH [ Vim Vom

Mixing angle determines flavors
(flavor content) of eigenstates
of propagation

0,, depends onn,, E

Flavor basis is the same,
Eigenstates basis changes




pamittonian, elgenstates and eigenvalues

H(n,E)=H+V
V = diag (V,, 0)

In the flavor basis (Ve, V)"

| . -cos 20 +& sin 20
tot —
4E sin 20 cos 20

g = %nez—E Ve= 2\JEFﬂe




H H |
Eigenstates and
eigenvalues
Diagonalization of the Hamiltonian:

sin%20
(c0s20 — 2EV/AM?)2 + sin 220 v N?GF N,

Sin20,,=

Mixing is maximal if

AM?2 Resonance

V= Sgcos20 condition

sin?20,,= 1

Difference of the eigenvalues

( c0s20 — 2EV/AmM?)? + sin?20




Dependence of mixing on density,
energy has a resonance character

@ sin220,. \ In resonance: sin®26, =1

Flavor mixing is maximal

sin220,, = 0.825 | | |, = 1, cos 20

Vacuum
oscillatio
length

Resonance width: Ang = 2ng tan26

; : T aas 3| density |, /ly ~nE
0,20 0,=60 6,=n/4 0, > /2

Mixing is suppressed

Am?2 » Flavor states coincide with
at high densities

V] > oF eigenstates and vice versa




MiXing in matter: dynamical variable

0,, depends onn,, E

Changes when propagates in
matter with varying density

Mixing angle determines flavor
content of eigenstates of propagation

High density Resonance: Low density
Mixing suppressed Maximal mixing Vacuum mixing

I v - IO COSZG

Vm
-: -:




Level crossing

V. Rubakov, private comm.
N. Cabibbo, Savonlinna 1985
H. Bethe, PRL 57 (1986) 1271

Dependence of the neutrino eigenvalues
on the matter potential (density):

2EV
Am?2

b
ly

Crossing point - resonance
- the level split is minimal
- the oscillation length is maximal

Hir

resonance

sin® 26y, = 0.825)

Large
mixing

Small

mixing




Oscillation length in matter

Oscillation | = 4n E
length in vacuum | Am?

Refraction - determines the phase produced

|.= —<it
length ° \ 2 Ggh, by interaction with matter

+— | /sin20 (maximum atl,= I, /cos26)

shifts with respect
21 resonance energy:

Hom - Hin l, (Eg) = | ,c0520

converges to the
refraction length




Level crossings

Normal mass hierarchy

0.1 GeV 6 GeV

Resonance region High energy range




Flavor in matter %

Density increase - Normal mass hierarchy, neutrinos

V3m
I
V2m
BT T
V1m
|
1-2 resonance




Propagation effects




Evolution equation

. dv
dtf = Hio vy Vi = [ VHJ
H..= H,.*V isthe total Hamiltonian
2
H,.= % IS the vacuum (kinetic) part
V= Ve O matter part ~ V,= \2 Ggn,
O O Htot
e N / Amz Amz -\ s N
o Ve ~5F CoS 20 +V, iE sin 26 Ve
| E = 2
\Y i Vv
LY \_4E sin 20 0 A "




Constant density medium:
the same dynamics

Mixing changed
phase difference changed

Oscillations in matter

Ho%H: Ho + V

Vi > Vimk
eigenstates eigenstates
of Ho of H

0 > 0,, (n)

Resonance - maximal mixing in matter -
oscillations with maximal depth

0,, = /4
Resonance condition:
_ Am?
V = cos20 oF




Oscillations in matter

Probability in

P(v, 2 v,) = sin?20,, sin? [T—LJ
m
depth of 2

1o oscillatory
£ -
oscillations factor half-phase ¢

constant density P

0,.(E,n) - mixing angle in matter
| (E,n) - oscillation length in matter In vacuum:

|, = 2 /(Hy, — Hypp)

0,0
1L >,

sin420_. =1 MSW resonance condition
Maximal effect: il =

b= n2 + nk




esonance enhancement

Constant density

= :

Source Tar o7 et L Detector

Fo(E) F(E)
Depth of oscillations determined by sin?26,,
the oscillation length, |,
depends on neutrino energy

For neutrinos propagating
in the mantle of the Earth




Large mixing sin?26 = 0.824

Layer of length L k=xL/l,

thin layer k=1 thick layer k=10

|




Oscillation in the Earth,

ORCA/PINGU
Small mixing sin?26 = 0.08
thin layer k=1 thick layer k=10
F(E)| | J
Fo(E) ! 7
\
0.21 0.2+ \\\//




Resonance enhancement

1 2




Graphic representation

E;<E,<E5<Ey E,

Precession on the E,~ Eg
surface of the cone

Resonance enhancement




