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4-jet production in the back-to-back kinematics
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An application of this picture to the processes with production of, e.g., four jets 
implies that all jets in the event are produced in a hard collision of two initial state partons.

Let us see, what difference does it make to our formulae





multi-partons



multi-partons

Multi-parton wave function



multi-partons

Multi-parton wave function



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function

Independent impact parameter integration  



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function

Independent impact parameter integration  equality of parton momenta in      and ψ ψ†



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function

Independent impact parameter integration  

k⊥ = k′⊥

equality of parton momenta in      and ψ ψ†



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function

Independent impact parameter integration  

k⊥ = k′⊥

equality of parton momenta in      and ψ ψ†

ρ1 + ρ2



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function

Independent impact parameter integration  

k⊥ = k′⊥

equality of parton momenta in      and ψ ψ†

ρ1 + ρ2 k′
1 − k1 = −(k′

2 − k2) ≡ ∆



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function

Independent impact parameter integration  

k⊥ = k′⊥

equality of parton momenta in      and ψ ψ†

ρ1 + ρ2

ρ3 + ρ4

k′
1 − k1 = −(k′

2 − k2) ≡ ∆



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function

Independent impact parameter integration  

k⊥ = k′⊥

equality of parton momenta in      and ψ ψ†

ρ1 + ρ2

ρ3 + ρ4

k′
1 − k1 = −(k′

2 − k2) ≡ ∆
k′
3 − k3 = −(k′

4 − k4) ≡ ∆̃



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function

Independent impact parameter integration  

k⊥ = k′⊥

equality of parton momenta in      and ψ ψ†

ρ1 + ρ2

ρ3 + ρ4

(ρ1−ρ2) + (ρ3−ρ4)

k′
1 − k1 = −(k′

2 − k2) ≡ ∆
k′
3 − k3 = −(k′

4 − k4) ≡ ∆̃



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function

Independent impact parameter integration  

k⊥ = k′⊥

equality of parton momenta in      and ψ ψ†

ρ1 + ρ2

ρ3 + ρ4

(ρ1−ρ2) + (ρ3−ρ4)

k′
1 − k1 = −(k′

2 − k2) ≡ ∆
k′
3 − k3 = −(k′

4 − k4) ≡ ∆̃
∆ = −∆̃



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function

Independent impact parameter integration  

k⊥ = k′⊥

equality of parton momenta in      and ψ ψ†

ρ1 + ρ2

ρ3 + ρ4

(ρ1−ρ2) + (ρ3−ρ4)

k′
1 − k1 = −(k′

2 − k2) ≡ ∆
k′
3 − k3 = −(k′

4 − k4) ≡ ∆̃
∆ = −∆̃

δ
(
(ρ1−ρ2)− (ρ3−ρ4)

)



multi-partons

Inclusive 2-parton probability distribution in the impact parameter space :

Multi-parton wave function

Independent impact parameter integration  

k⊥ = k′⊥

equality of parton momenta in      and ψ ψ†

ρ1 + ρ2

ρ3 + ρ4

(ρ1−ρ2) + (ρ3−ρ4)

k′
1 − k1 = −(k′

2 − k2) ≡ ∆
k′
3 − k3 = −(k′

4 − k4) ≡ ∆̃
∆ = −∆̃

δ
(
(ρ1−ρ2)− (ρ3−ρ4)

) !∆ arbitrary





4-parton collision



4-parton collision



In order to be able to trace the relative distance between the partons, one has to use the 
mixed longitudinal momentum – impact parameter representation which, in the momentum 
language, reduces to introduction of a mismatch between the transverse momentum of the 
parton in the amplitude and that of the same parton in the amplitude conjugated.
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=
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D is a generalized double parton distribution - a new object we know little about. 

Can it be modeled, for lack of anything better ? 

4-parton cross section
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G - the usual 1-parton distribution (determining DIS structure functions)
F - the two-gluon form factor of the nucleon

F2g(∆) ! 1
(
1 + ∆2/m2

g

)2the dipole fit : m2
g(x ∼ 0.03, Q2 ∼ 3GeV2)

! 1.1GeV2
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If partons were uncorrelated, we could write

Another mechanism : 2 partons from a short-range PT correlation

and use the dipole fit to get the estimate 

! F 4
2g(∆)

The “interaction area” : 

No         dependence from the upper side ! ∆−

3-> 4 contribution vs. 4-> 4 is enhanced by a factor

2× 7
3
" 5
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No         dependence whatsoever. ∆− The integral diverges...?..

This is NOT an amplitude of a 4-parton collision 
but a one-loop correction to the 2-parton collision

4-parton interaction is a “higher twist” effect

hard 2-parton scattering :

plus two additional jets :

4 jets from 4-parton scattering :
extra 

m2
g

Q2

2 -> 4 processes

Always a small contribution to the total 4-jet production cross section

What distinguishes “double hard collisions” is the differential jet spectrum

End of story?.. Not at all
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A tree Feynman diagram. Momenta of internal parton lines are fixed ...

Q2

Return to a good old single hard interaction picture :

In DIS we trace the fate of 1 but integrate over 
“histories” of the accompanying parton 2. 
Now we want #2 to enter 2nd hard interaction.

In the above picture it does it “in the next room”. Or on the Moon, for that matter ...

In fact, partons 3 and 4 cannot be represented by plainly independent plane waves: 
they belong to one hadron, and therefore, are localized within the hadron pancake... 

Remedy: introduce wave packet smearing (longitudinal momentum fraction integral). 
Importantly, this has to be done at the amplitude level !

k3+ − k4+

k3+ + k4+ fixed by hard scattering kinematics

arbitrary

not anymore
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2 -> 4  processes produce “hedgehogs”

4 -> 4 and 3 -> 4  produce two pairs of  anti-collimated  jets

4-parton interactions dominate when the backward jet solid angles are taken small 

domain of 4-parton interaction dominance

for collision of two gluons

Flattening of the spectrum due 
to multiple gluons radiation 
(Sudakov form factor) effect
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correlation between the two partons from one hadron

!∆

experimentally observed enhancement of a 4-jet cross section indicates the presence 
of short range two-parton correlations in the nucleon parton wave function, 
as determined by the range of integral over !∆

the quest for understanding the nature of    GPDs  calls for new ideas2
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2- and 3-prong color antennae are sort of ”trivial ” : 
coherence being taken care of, the answers turn out to be essentially additive

The case of 2 -> 2 hard parton scattering is more involved (4 emitters),
especially so for gluon–gluon scattering.

Here one encounters 6 (5 for SU(3)) color channels that mix with each
other under soft gluon radiation ...

An additional look at the problem (G.Marchesini & YLD, 2005)

A difficult quest of sorting out large angle gluon radiation in all orders in
                    was set up and solved by George Sterman and collaborators.(αs log Q)n
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Soft anomalous dimension for gluon-gluon scattering

∂

∂ lnQ
M ∝

{
−Nc ln

(
t u

s2

)
· Γ̂

}
· M

Three ”ainʼt-so-simple ” ones were found to satisfy the cubic equation 

6=3+3. Three eigenvalues are ”simple”.

interchanging internal (group rank) and external (scattering angle) 
variables of the problem . . .

Mark the mysterious symmetry w.r.t. to x -> b  
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calculate

compare with the data

say: “oh-la-la...”
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