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Evaluating y,(?:

$ *y,(g) In terms of five-loop integrals

$ 7,%5) In terms of four-loop integrals (using infrared

rearrangement)
$ 7,%5) In terms of 24 master integrals (using IBP
reduction)

# evaluating unknown master integrals (using gluing)
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Our tool to evaluate 1t Is the OPE of the stress-tensor
multiplet in A/ = 4 SYM, with the superconformal primary
State

Ozp = tr (®107) — 1617 tr (@K K) .
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Our tool to evaluate 1t Is the OPE of the stress-tensor
multiplet in A/ = 4 SYM, with the superconformal primary
State

Ozp = tr (®107) — 1617 tr (@K K) .

It proves convenient to introduce auxiliary SO(6) harmonic
variables Y7, defined as a (complex) null vector,

Y? =Y;Y; = 0, and project the indices of ©'” as
Oz, y) =Y Yy O (x) = Y V) tr (CIDI(:I:)CI)J(:C))

Its scaling dimension Is protected.
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The four-point correlation function is the first one to receive
perturbative corrections:

Gy = (O(x1,11)O0(22,y2)O(23,93)O(24,y4)) = » a* Gf’(l,2,3,4),
=0
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The four-point correlation function is the first one to receive
perturbative corrections:

0. @)

Gy = (O(x1,11)O0(22,y2)O(23,93)O(24,y4)) = » a* Gf’(l,2,3,4),
=0

where (for ¢ > 1)

2(Ng — 1)

14
GEL>(1727374) — (47‘(‘2)4

R(1,2,3,4)F(x;)
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[ B. Eden, P. Heslop, G.P. Korchemsky, E. Sokatchev’11]
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L{oLl1qL T L5qLo I
F<£>(xz) — 12 2?(1_44712-3)524 34/d4ZC5...d45134_|_gf(£)(331,...,5134_|_g),

pY T1yern, Loy
O ) = DT
H1§z‘<j§4+£ Lij

and P") is a homogeneous polynomial in z,
of degree (¢ — 1)(¢ 4+ 4)/2.

It is symmetric under the exchange of any pair
of points z; and x; (both external and internal).
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The operators Z and 05 are protected:
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The operators Z and 05 are protected:

cr = (N*—1)/(327Y), co =1/(27%)

Apply OPE to the first and the second pairs of the
operators (in the limit x; — x9, x3 — x4) USIng

di
IC IC —
< (xZ) (CE’4)> ($34)2+7’C7
c 1
(OR(w2) O () = L (5IK5JL+5IL5JK__51J5KL)
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The operators Z and 05 are protected:

cr = (N*—1)/(327Y), co =1/(27%)

Apply OPE to the first and the second pairs of the
operators (in the limit x; — x9, x3 — x4) USIng

di

IC IC —
< (xZ) (CE’4)> (134)24"% )
1
<020/(ZC2) 020/ ( )> — 614-1 (5IK5JL T 5IL5JK . _5IJ5KL)
275, 3

with the normalization choice

N? -1 1
(4m2)2

dic =3
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to obtain
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to obtain
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1 yiaY54 9 2
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12734713

where y7; = (Y; - Y;) and

2 2 2 2
Yy — L19L34 v — L14T23
— "2 2 — "2 2

L1394 L1394

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.10



to obtain

G ijii}; (N02 — 1)2 9%29?314 X Nc2 —1 [9%29534(9%39%4 + 9%4953)
4(4m?)* ziyxs,  (4m2) T3533, 115

1 yiys 2 )
372 1;2 3;14 (CK(G)U%(G)/ - 1) + ..
1243413

where y7; = (Y; - Y;) and

2 9 2 9
_ Tqod3y _ L14%93
U= —-5"">5, U= "35>

L1394 L1394

sothatu — 0, v — 1 Inthe limit z9 — x1, 24 — x3.
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Therefore,

r2—%1 1

Z CLKF(K) (CEZ) g

(>1

— (CIZC(a)u%c(a)/z _ 1) [1 +O(u, 1 — v)}
13
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>1 61’13
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Therefore,

r2—%1 1

Z CLKF(K) (CEZ) g

((:,ZC(CL)?ﬂ’C(“)/2 -~ 1) 14+ O0(u,1—v)]

4
>1 61’13
and
- u—0 1
In|1+6 Z a' FO(z) | = §’WC(CL) Inu + In (c,zc(a)) + O(u,1 —v)

(>1

r2—T]

where 24, F(O(2;) “=5 F(x;) and

(@)=Y d . (ec(@)?=1+3) dla®
>1 ¢>1
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The /—loop correction to the logarithm of the correlation
function is given by an /—folded integral over the internal
coordinates xs, ..., 4.y

In|14+6 Z a' FO ;)
(>1

14 4 4
:Za /d x5...d :134+ng(:£1,...,£€45175,---7374%)»
(>1

=Y a1
¢>1
where 7, Is symmetric under the S; x S, permutations of

the four external coordinates, z1, ..., x4 and
the 7 internal coordinates xs, ..., x4 /.
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Up to five loops
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[ = 5, the planar limit:

](5) :/d4x5...d4x915(a:1,...,:1:4\555,...,:59)
with
I5 = —

4 AN
6 13 1 P56,7.8,9
4
31

(425 119 4 172 2.2 2.2 92 .2 92 92 9
ol(47?) [[ies 277 D T5eT57L58T50L67L68L 69T 78T 79T R0

L 4 Ps5.6,78 L 4 P67
CoAM12 9 92 2 2 2 2  o%l3_2 2 2
4 T X5auE s T s TTy 2 TrgTar Ty
PR AR Ps 6.7 0( o P56 78
2 + (:U13) 2 92 9 + (51313) 2 2
Lg9 LsgLs7LgT L6 L7g
Ps 1296 |
—108(z13)* —= + ——(213)*| + S5 permutations
Tig 5
where P5,6,7,8,9 — P<5>

etc., and

X2—T1,L4=—T3
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To evaluate

In| 146 Z a' FO ()
(>1

= 2
kla) dlnu

we need the coefficient at In » of this integral in the limit,
r1 — xo and xs — x4, .. u — O.
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To evaluate

vi(a) = 2 In |1+ 6Za€ﬁ(€)(xi)

(>1

dlnu

we need the coefficient at In » of this integral in the limit,
r1 — xo and xs — x4, .. u — O.

Put z1 = 29 and z3 = 24 and introduce dimensional
regularization (in coordinate space) with D = 4 — 2¢

[ D D
,ue/d rs...d xgLy(x1, 21,23, 3|T5,...,29) .
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To evaluate

vi(a) = 2 In |1+ 6Za€ﬁ(€)(xi)

(>1

dlnu

we need the coefficient at In » of this integral in the limit,
r1 — xo and xs — x4, .. u — O.

Put z1 = 29 and z3 = 24 and introduce dimensional
regularization (in coordinate space) with D = 4 — 2¢

[ D D
,ue/d rs...d xgLy(x1, 21,23, 3|T5,...,29) .

The integral has a simple pole ine = (4 — D)/2.
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i (a) In|1+6 Z o' FY ()

- 2
dlIn p =
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In|1+6 Z o' B (25)
£>1

KYIC(CL) — dh,l “2

The problem reduces to evaluating the pole part of

D D
/d Zl?5...d CE91'5(371,$1,£U3,ZE3‘£C5,...,5139)

N €.
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In|1+6 Z o' B (25)
£>1

KYIC(CL) — dln “2

The problem reduces to evaluating the pole part of

D D
/d Zl?5...d CE91'5(371,$1,£U3,ZE3‘£C5,...,5139)
IN €.

IRR (infrared rearrangement)
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IRR

If the pole part of a given (incompletely renormalized)
diagram is independent of momenta and masses, try to set

to zero as many momenta and masses as possible without
generating IR divergences.
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IRR

If the pole part of a given (incompletely renormalized)
diagram is independent of momenta and masses, try to set
to zero as many momenta and masses as possible without
generating IR divergences.

An advanced strategy: set all the momenta and masses to
zero and introduce a mass or momentum.

(If IR divergences are still generated they can be removed
Immediately by the R*-operation

A four-loop example:
7 1 (z3) dPxs ... dP s
(21, 23) = 2D 2.2 .2 2 92 92 92 2 9 2 3 O

L15L716L17L18L35L36L37L38L 56 6878 L7
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IRR

There is an UV simple pole in ¢
2 \—4e C 0
I(o29) = (o) | + 0]

from the integration over x5, ..., xg close to 1 and from the
symmetrical region where zs, ..., xg are all close to z3.
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from the integration over x5, ..., xg close to 1 and from the
symmetrical region where zs, ..., xg are all close to z3.

UV divergences come from regions where the integrand
considered as a generalized function of z; is ill-defined.

The integrand is unintegrable in a vicinity of the two external
points, z; and x3
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IRR

There is an UV simple pole in ¢

4 | C
I(o29) = (o) | + 0]
from the integration over x5, ..., xg close to 1 and from the
symmetrical region where zs, ..., xg are all close to z3.

UV divergences come from regions where the integrand
considered as a generalized function of z; is ill-defined.

The integrand is unintegrable in a vicinity of the two external
points, z; and x3

In a vicinity of z; (z3 — ©0):

1

5 2 2 92 92 92 9 9
L15L16L17818L 5668478457

F(a:l,x5,...,a:8) =
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IRR

Its divergent part is described by an UV counterterm

C
A(ICl,CCE), R 7338) — 2—€5<£C1 o 335) Tt 5(331 o 338) )
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IRR

Its divergent part is described by an UV counterterm

C
A(xy,x5,...,28) = 2—65(x1 —x5)...0(x1 — x38),
A similar counterterm A(xs, x5, ..., xg) IS connected with

the vicinity of z3.
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C
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A similar counterterm A(xs, x5, ..., xg) IS connected with

the vicinity of z3.
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IRR

Its divergent part is described by an UV counterterm

C
A(ICLCCE), R 7:68) — 2—€5<£C1 o 335) Tt 5(331 o 338) )

A similar counterterm A(xs, x5, ..., xg) IS connected with
the vicinity of z3.

The pole part of I(xq,x3) Is C/e.

We are not going to momentum space via Fourier transform
because

# we would obtain four-loop integrals,

# exponents of the propagators would depend on .

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.20



IRR

Apply IRR In the coordinate space: treat the coordinates
x1,rs as external and x4, 7, xg as internal points.

(Setting an external momentum to zero ~ integrating over
the corresponding coordinate.)
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IRR

Apply IRR In the coordinate space: treat the coordinates
x1,rs as external and x4, 7, xg as internal points.

(Setting an external momentum to zero ~ integrating over
the corresponding coordinate.)

Then C can be obtained from

dP zedP zodP xg C
L15L16T17L18L56L68 L7857 €

(No IR divergences have been generated.)
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IRR

Apply IRR In the coordinate space: treat the coordinates
x1,rs as external and x4, 7, xg as internal points.

(Setting an external momentum to zero ~ integrating over
the corresponding coordinate.)

Then C can be obtained from

dP zedP zodP xg C
L15L16T17L18L56L68 L7857 €

(No IR divergences have been generated.)
This propagator integral is three-loop:

1
F(x1,x5) = f(e) ABES
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IRR

1
(z15)

Here the pole is hidden In
e = 0.

-——- SO that f(e) Is analytic at
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IRR

Here the pole is hidden in 2 %Me so that f(¢) Is analytic at

¢ = 0. To reveal the pole take its D-dimensional Fourier
transform:

1 1 e 1 APPZAT(D/2 - ))
f[(xQ)A] - 7TD/Q/dee (2} T (P22
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IRR

Here the pole is hidden in ——— so that f(e) is analytic at

(z15)

¢ = 0. To reveal the pole take its D-dimensional Fourier
transform:

1 1 e 1 APPZAT(D/2 - ))
f[(xQ)A] - 7TD/Q/dee (2} T (P22

For A\ = 2 + 3¢ and for x5 = 0:

—dem( __ €
FIF@1,0) = (0 e o = — e + O()
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IRR

Here the pole is hidden in ——— so that f(e) is analytic at

(z15)

¢ = 0. To reveal the pole take its D-dimensional Fourier
transform:

1 1 e 1 APPZAT(D/2 - ))
f[(xQ)A] - 7TD/Q/dee (2} T (P22

For A\ = 2 + 3¢ and for x5 = 0:

—dem( __ €
FIF@1,0) = (0 e o = — e + O()

We obtain

1 1
C = —5£(0) =~ F(x1,0)
ri=1,D=4

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.22



IRR

The integral F(z,z5) corresponds to a planar graph.

L6

L1 L5

Ly

Using a known result for the corresponding dual integral at
d =4 leads to

C = —10¢(5)

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.23



D D
/d r5...d x9gIs(x1, 21,23, T3|T5, . .., X9)

To evaluate the pole part (a simple pole) apply IRR.
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/d r5...d x9gIs(x1, 21,23, T3|T5, . .., X9)

To evaluate the pole part (a simple pole) apply IRR.

The pole Is generated by the region where z5, ..., x9 are
close either to x1 or z3.

There are no other sources of poles in e.
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D D
/d r5...d x9gIs(x1, 21,23, T3|T5, . .., X9)

To evaluate the pole part (a simple pole) apply IRR.

The pole Is generated by the region where z5, ..., x9 are
close either to x1 or z3.

There are no other sources of poles in e.

Let x5,..., 29 ~ x1. AS INn our example, the problem reduces
to the evaluation of the UV counterterm of

A

1'5(:6173:57"'73:9) = lim 1'5(3:173:3;3:57"'7:69)‘

T3— 00
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D D
/d r5...d x9gIs(x1, 21,23, T3|T5, . .., X9)

To evaluate the pole part (a simple pole) apply IRR.

The pole Is generated by the region where z5, ..., x9 are
close either to x1 or z3.

There are no other sources of poles in e.

Let x5,..., 29 ~ x1. AS INn our example, the problem reduces
to the evaluation of the UV counterterm of

A

1'5(:6173:57"'73:9) = lim 1'5(3:173:3;3:57"'7:69)‘

Apply IRR:

consider x; and x5 external and x¢, 27, 23, z9 INnternal.

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.24



The problem reduces to the evaluation of the residue of

1
(a95)2H4e

/de6dD:C7dD:C8de9 i5(:1:1, T5,...,T9).
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The problem reduces to the evaluation of the residue of

1
(a95)2H4e

/de6dD:C7dD:C8de9 i5(:1:1, T5,...,T9).

1
33%5)

The pole comes from (
we need to evaluate

— SO that

/dDCE6dDai7dDCI?8dDCE9 ZA-5(561, L5y ... ,5139) .

2

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.25



Around 17000 four-loop two-point Feynman integrals
contributing to this integral and belonging to the family

o ) / dP zedP r-dP xgdP xq
al,...,0a14) =
(136) (037)%2 (27) s (0F9) 4 (23) %5 (£2) s ()07
1

()" (w57) ™ (w55) 110 (29) 11 (w75) 12 (279) 12 (w59 ) ¢

with various indices a;.

X
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Around 17000 four-loop two-point Feynman integrals
contributing to this integral and belonging to the family

o ) / dP zedP r-dP xgdP xq
al,...,0a14) =
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with various indices a;.

X

An IBP reduction to master integrals.
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Around 17000 four-loop two-point Feynman integrals
contributing to this integral and belonging to the family

o ) / dP zedP r-dP xgdP xq
al,...,0a14) =
(136) (037)%2 (27) s (0F9) 4 (23) %5 (£2) s ()07
1

()" (w57) ™ (w55) 110 (29) 11 (w75) 12 (279) 12 (w59 ) ¢

with various indices a;.

X

An IBP reduction to master integrals.

See Chapter 5 of

Evaluating Feynman integrals (STMP 211, Springer 2004)
Feynman Integrals Calculus (Springer 2006)
Analytic Tools for Feynman Integrals (STMP, Springer 2013(?))

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.26



IBP

An old straightforward analytical strategy:

to evaluate, by some methods, every scalar Feynman
iIntegral generated by the given graph.
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IBP

The standard modern strategy:

to derive, without calculation, and then apply IBP identities

between the given family of Feynman integrals as
recurrence relations.
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The standard modern strategy:

to derive, without calculation, and then apply IBP identities
between the given family of Feynman integrals as
recurrence relations.

Any integral of the given family is expressed as a linear
combination of some basic (master) integrals.
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IBP

The standard modern strategy:

to derive, without calculation, and then apply IBP identities
between the given family of Feynman integrals as
recurrence relations.

Any integral of the given family is expressed as a linear
combination of some basic (master) integrals.

The whole problem of evaluation—

# constructing a reduction procedure
# evaluating master integrals

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.28



IBP

Integral calculus:

b b
/ w'dz = uwv|® — / w'vdx
a a
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IBP

Integral calculus:

b b
/ w'dz = uwv|® — / w'vdx
a a

Feynman integral calculus:
Use IBP and neglect surface terms
[Chetyrkin & Tkachov'81]

gi - —— d°k1d%s ... = 0;
/ / K Okj) (py —mi)®(ps —m3)%. ..

L] L] L] - * k.i d k.ld k2 L] L] L] : O L]
/ / [(%j (p3 — m?)® (p5 — m3)%= . ..

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.29




IBP

An example

d’k
F(a) = / (k2 — m2)a

F'(a) for integer a < 0. We need F'(a) for positive integer a.
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IBP

An example

d’k
F(a) = / (k2 — m2)a

F'(a) for integer a < 0. We need F'(a) for positive integer a.

Apply IBP
4. O 1 B
[ ¢ (4= -
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IBP

An example

d’k
F(a) = / (k2 — m2)a

F'(a) for integer a < 0. We need F'(a) for positive integer a.

Apply IBP
4, O 1 B
/d k%(k(k?—m?)a) =0

Taking derivatives:

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.30



IBP

. 0 1 _ 2k?
Ok (kz _ mZ)a (kz _ m2)a+1
_ o, 1 N m?
(kQ _ m2)a, (k2 _ m2)a,—|—1

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.31



IBP

. 0 1 _ 2k?
Ok (kz _ mZ)a (kz _ m2)a+1
_ o, 1 N m?
(kQ _ m2)a, (k2 _ m2)a,—|—1

IBP relation

(d —2a)F(a) — 2am*F(a+1) =0
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IBP

. 0 1 _ 2k?
Ok (kz _ mZ)a (kz _ m2)a+1
_ o, 1 N m?
(kQ _ m2)a, (k2 _ m2)a,—|—1

IBP relation
(d — 2a)F(a) — 2am*F(a+1) =0

Its solution

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.31



IBP

Feynman integrals with integer ¢ > 1 can be expressed
recursively in terms of one integral F'(1) = I
(master integral).
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IBP

Feynman integrals with integer ¢ > 1 can be expressed
recursively in terms of one integral F'(1) = I
(master integral).

Explicitly,

(=1)* (A —d/2),_,

Fla) = = =iy

1

where (z)_ Is the Pochhammer symbol

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.32
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One more example

—_——
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One more example
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IBP

One more example

/%.k((77%2—/~€2)"’1(1—(q—/~c)2)a»z)ddl‘C = 0,
/q.%((mz—kz)“l(l—(q—k)Q)@)ddk = 0,

use 2k - (k — q) — (k — q)* + (k* — m?) — ¢* +m? to obtain

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.33



IBP

d—2a1 — ay — 2m2a 1t — a2t (17 — q° + mz) =0 (A)
a9 — a1 — a11+(q2 +m? — 27) —a92T (17 — q° + mz) =0 (B)

where, e.g., 1727 F(ay,a2) = F(a; + 1,a9 — 1).
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IBP

d—2a1 —ag —2mfa11T — a2t (17 =2 +m?) =0 (A)
ay —a; — a1l (@@ +m? —27) —a2T(1™ —¢*+m?) =0 (B)
where, e.g., 1727 F(ay,a2) = F(a; + 1,a9 — 1).

Fr(ay,as) =0fora; <0
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IBP

d—2a1 — ay — 2m2a 1t — a2t (17 — q° + mz) =0 (A)
a9 — a1 — a11+(q2 +m? — 27) —a92T (17 — q° + mz) =0 (B)

where, e.g., 1727 F(ay,a2) = F(a; + 1,a9 — 1).

Fr(ay,as) =0fora; <0

A manual solution.

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.34



IBP

1. Apply (¢* + m?)(A) — 2m?(B),

(q2 — m2)2a22+ — (q2 — 777/2)a21_24r

—(d — 2a1 — a2)¢* — (d — 3a2)m® + 2m2a1172~

to reduce ay to 1 or 0.

Flal , a2 /; a2 > 1] :=

1/(a2 - 1)/(gg - mm) "2 (

(a2 - 1) (gg - mm) Fl[al - 1, a2]

- ((d - 2 a1l - a2 + 1) gg

+ (d - 3 a2 + 3) mm) Flal, a2 - 1]
+ 2 mm al Fl[al + 1, a2 - 2]);

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.35



IBP

2. Suppose that ao = 1. Apply (A) — (B), I.e.
(q2 — mQ)alfr — a1 +2—d+a1172”

to reduce a7 to 1 or as to 0.

Flal /; al > 1, 1] :=
1/(al - 1)/(gg - mm) ((al - 1) F[al, O]
-(d - a1l - 1) Flal - 1, 1]);

Therefore, any F'(a;,a2) can be reduced to /; = F(1,1) and

iIntegrals with as < 0 (which can be evaluated in terms of

gamma functions for general d).

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.36



IBP

3. Let as < 0. Apply (A) to reduce a; to one.

Flal /; al > 1, a2 /; a2 <= 0] :=
1/(al - 1)/2/mm ((d - 2 al - a2 + 2) Fl[al - 1, a2]
-a2 Flal - 2, a2 + 1] + a2 (gg - mm) Fl[al - 1, a2 + 1]);

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.37



IBP

4. Let a; = 1. Apply the following corollary of (A) and (B)
(d—as —1)27 = (¢* — m*)%a22™ + (¢* + m*)(d — 2a3 — 1)

to increase as to zero or one starting from negative values.

F[1, a2 /; a2 < 0] := 1/(d - a2 - 2) (
(a2 + 1) (gg - mm) "2 F[1, a2 + 2] +
(gg + mm) (d - 2 a2 - 3) F[1, a2 + 1] );

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.38



IBP

Any F(a1,a2) Is a linear combination of the two master
integrals 71, = F(1,1) and I, = F(1,0).

For example,

F[3, 2]=

(-(((-5 +d) (-3 +d) (-4 mm + dmm - 8 gg + d gq)) / (
2 (mm - gqg)"4)) Il

+ ((-2 + d) (96 mm™2 - 39 dmm™2 + 4 4d°2 mm™2

+ 28mmgg - 6 dmm gg - 4 gg3°2 + d gg”2))/
(8 mm~™2 (mm - gqg) "4) I2)

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.39



IBP

A manual solution of IBP relations for massless three-loop
propagator diagrams [K.G. Chetyrkin & FV. Tkachov'81]
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IBP

A manual solution of IBP relations for massless three-loop
propagator diagrams [K.G. Chetyrkin & FV. Tkachov'81]

MINCER:

[S.G. Gorishny, S.A. Larin, L.R. Surguladze & F.V. Tkachov’89]
[S.A. Larin, EV. Tkachov & J. Vermaseren'91]

(implemented in FORM)
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IBP

A manual solution of IBP relations for massless three-loop
propagator diagrams [K.G. Chetyrkin & FV. Tkachov'81]

MINCER:

[S.G. Gorishny, S.A. Larin, L.R. Surguladze & F.V. Tkachov’89]
[S.A. Larin, EV. Tkachov & J. Vermaseren'91]

(implemented in FORM)
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IBP

Solving IBP relations algorithmically:

# Laporta’s algorithm
[Laporta & Remiddi’96; Laporta’00; Gehrmann & Remiddi'01]

Use IBP relations written at points (ay,...,ar) with
> la;| < N and solve them for the Feynman integrals
iInvolved.

(A Gauss elimination)
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Solving IBP relations algorithmically:
# Laporta’s algorithm

Use IBP relations written at points (ay,...,ar) with
> la;| < N and solve them for the Feynman integrals
iInvolved.

(A Gauss elimination)

Feynman integrals on the right-hand sides of such
solutions are master integrals.
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IBP

Solving IBP relations algorithmically:
# Laporta’s algorithm

V.A. Smirnov

Use IBP relations written at points (ay,...,ar) with
> la;| < N and solve them for the Feynman integrals

iInvolved.
(A Gauss elimination)

Feynman integrals on the right-hand sides of such
solutions are master integrals.

When N increases, the situation stabilizes, in the sense
that the number of the master integrals becomes stable
starting from sufficiently large V.

DESY, Hamburg, March 8, 2012 — p.41



IBP

Experience tells us that the number of master integrals is
always finite.
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IBP
Experience tells us that the number of master integrals is
always finite.

Theorem [A. Smirnov & A. Petukhov'10]

The number of master integrals is finite
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IBP
Experience tells us that the number of master integrals is
always finite.

Theorem [A. Smirnov & A. Petukhov'10]

The number of master integrals is finite

(for Feynman integrals with usual propagators)

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.42



IBP

The same example

d? &
frian, a2) = / (m? — k2)a1 (—(q — k)?)2

The left-hand sides of the two primary IBP relations:
ibpllal , a2 ] := (d - 2 al - a2) Flal, a2]

- 2 mm al F[al + 1, a2] - a2 (Fl[al - 1, a2 + 1]

+ (mm - gq) Flal, a2 + 1]);

ibp2[al , a2 ] := (a2 - al) Flal, a2] -

al ((gg + mm) Fl[al + 1, a2] - Flal + 1, a2 - 1]) -
a2 (Flal - 1, a2 + 1] + (mm - gqg) Flal, a2 + 1]);
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IBP

Let us consider the sector a1 > 0,a9 <0

Use IBP at various (a1, a2) with a; + |ag| < N

Solve the corresponding linear system of equation with
respect to F'(ay, az) involved.

Increase N.

N =1
Solve [{ibpl[1, 0] == 0, ibp2[1, 0] == 0},
{F[2I O]I F[2/ _1]}]

{F[2, -1] -> ((-2 gg + d (mm + gg)) F[1, 0])/(2 mm),
F[2, 0] -> ((-2 + d) F[1, 0])/(2 mm) }
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N — 9 IBP

Solve [{ibpl[1, 0] == 0, ibp2[1, 0] == 0,
ibpl[2, 0] == 0, ibp2[2, 0] == 0,

ibpl[1, -1] == 0
{F[2, 01, FI[3, O
F[2, -1], FI

w
|
I_\ | I— ~
]
(\NO)
|
[\
——

{F[2, -2] -> (((2 + d) mm™2 + 2 (2 + d) mm gqg

+ (-2 + d) gg”2) F[1,0])/(2 mm),

F[3, -1] -> ((-2 + d) (-4 gg + d (mm + gq))

F[1, 0])/(8 mm~2),

F[3, 0] -> ((-4 +d) (-2 + d) F[1, 0])/(8 mm™2),
F[1, -1] -> (mm + gg) F[1, 0],

F[2, -1] -> ((-2 gg + d (mm + gqg)) F[1, 0])/(2 mm),
F[2, 0] -> ((-2 + d) F[1, 0])/(2 mm) }
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Implementations of the Laporta’s algorithm
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Implementations of the Laporta’s algorithm
Three public versions:
» AR [Anastasiou & Lazopoulos’04]

®» FIRE [A. Smirnov’'08]
(iIn Mathematica; a C++ version is private)
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Implementations of the Laporta’s algorithm
Three public versions:

» AR [Anastasiou & Lazopoulos’04]

9 FIRE [A. Smirnov’08]
(iIn Mathematica; a C++ version is private)

#» Reduze

[C. Studerus’09, A. von Manteuffel & C. Studerus’11]
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IBP

Implementations of the Laporta’s algorithm
Three public versions:

» AR [Anastasiou & Lazopoulos’04]

9 FIRE [A. Smirnov’08]
(iIn Mathematica; a C++ version is private)

®» Reduze [C. Studerus’09, A. von Manteuffel & C. Studerus’11]

Private versions

[Gehrmann & Remiddi, Laporta, Czakon, Schréder, Pak, Sturm,
Marquard & Seidel, Velizhanin, ...]
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Solving reduction problems algorithmically in other ways:
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Solving reduction problems algorithmically in other ways:

# Baikov’'s method [PA. Baikov'96-. . ]
[V.A. Smirnov & M. Steinhauser’03]
An Ansatz for coefficient functions at master integrals

/ /dxl‘ de [P(:c_’)](d_h_D/Z
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Solving reduction problems algorithmically in other ways:

# Baikov’'s method [PA. Baikov'96-. . ]
[V.A. Smirnov & M. Steinhauser’03]
An Ansatz for coefficient functions at master integrals

/ /dxl‘ de [P(:c_’)](d_h_D/Q

® Grobner bases [O.V. Tarasov'98]

An alternative approach [A. Smirnov & V. Smirnov, 05-08]
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IBP

Solving reduction problems algorithmically in other ways:

# Baikov’'s method [PA. Baikov'96-. . ]
[V.A. Smirnov & M. Steinhauser’03]
An Ansatz for coefficient functions at master integrals

/ /dxl‘ de [P(:c_’)](d_h_D/Q

® Grobner bases [O.V. Tarasov'98]

An alternative approach [A. Smirnov & V. Smirnov, '05-08]
#® Lee’s approach (based on Lie algebras) [R.N. Lee'08]

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.47



C++ version of FIRE —

Cy = waa Myy + we1 Me1 + w3e M3z + w31 M3y + wss Mss
twaa Moo + w3o M3zo + waz Mss + w3 Msg + was Mas + woz Mog
+wor Mo7 + wog Moy + woes Mog + wo1 Mo1
+wo1 Mo1 + wiogMio + wi1 M1 + wiaMyg + wi3Mi3 + w1l + wolo
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C++ version of FIRE —

Cy = waa Myy + we1 Me1 + w3e M3z + w31 M3y + wss Mss
twaa Moo + w3o M3zo + waz Mss + w3 Msg + was Mas + woz Mog
+wor Mo7 + wog Moy + woes Mog + wo1 Mo1
+wo1 Mo1 + wiogMio + wi1 M1 + wiaMyg + wi3Mi3 + w1l + wolo

Only I; and I, are associated with non-planar graphs.

20 master integrals My, ..., M3 correspond to planar

graphs and can be represented, via duality, as four-loop
propagator master (momentum) integrals.
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Myq M1 M36 M35
Moo M33 M3y Mos
Mos Moy Moy Mog Mo1
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V.A. Smirnov
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Results in an ¢ expansion up to transcendentality weight
seven [P.A. Baikov & K.G. Chetyrkin'10]
and up to Weight twelve [R.N. Lee, A.V. Smirnov & V.A. Smirnov]
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Results in an ¢ expansion up to transcendentality weight

seven
and up to weight twelve

The two non-planar master integrals /; and Is

&0 I K
(0) 14(0)

I I I3
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We did not use the method by R. Lee [R. Lee’09]
based on dimensional recurrence relations.

Its applications [R. Lee, A. and V. Smirnovs’10,11]
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I edve dP zedP x-dP rsdP g

L — 73D 9 9 9 2 292 92 9
7T L16L19Le7Leg 7L rglglgg

I edve dP xedP x-dP rsdP g

2 — 59D 9 /. 23\2.2 .2 92 9 2 9
7T 5516(5519) LerLegLrLrglglyg

V.A. Smirnov

ai
€

a2

€

+ b1 + c1e + 0(62) :

+ bo + coe + 0(62)
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edve dP zedP x-dP rsdP g aq 9
I = —p > 5 5 2 33 29 =~ ToitaetO(e),
7T L16L19L67L68T7L79LgLRY ¢
edve dP xedP x-dP rsdP g as 9
Iy = —p e e 2 33 20 = 02+ et O()
7T T16(T19)* TG, TET7TH9TRTEg ¢

3&1 9&2 15C5 _9
(80 160 16)6

2la;  9az  3by  9by  15¢3%  5wC\ 4
( 0 80 80 160 " 16 2016 €

(741&1 807ay  21by  9by | 3c1 | 9co  225(¢; 57w

640 320 0 80 T80 T 160 64 16
7035 81(32 4 27 237
N Cs N (3 LT (3 (3 >+O(€)

128 16 32 4 16
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The absence of poles — two relations between coefficients
ai, az, b17 b27 C1, C2
To evaluate a1, as take a Fourier transform:

ai —4e — €
FlL=F |—=@2) 4+ 0(")| = (64a1 + O(e)) (p?)215¢.

€
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The absence of poles — two relations between coefficients
ai, az, b17 b27 C1,C2
To evaluate a1, as take a Fourier transform:

ai

Flh] = F |2 (22)~4 4 0@0)} — (64a1 + O(e)) (p?)~2+5¢.

€

FI] = 16 = 16(20¢5 + O(e)) (p*)~*T7¢.

so that a; = 5(Cs.
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Flly] = F [@(aﬁ)—l—‘lﬁ n 0(60)} — 4 (@ + 0(6)) (p?) e

€

1 1
_ 92 (_ 2ye _ _ 0y
F |G| = AT =~ 0)
so that taking the residue at the pole reduces to shrinking
the corresponding line to a point.
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1

| =2 90 = -2+ o)

_(5'3%9)2

so that taking the residue at the pole reduces to shrinking
the corresponding line to a point.

(2065 + 0(e)) (p?) 15

€

We obtain ay = —20¢; .
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Introduce the following auxiliary integrals

Is(s) 6476/ dP xedP r7dP xgdP xq
3\F) = 5D 2 2 9 9 2 9 2.2 2 \]—cr’
7T (3716551955675‘768557837795573785589)

L) edve dP xedP r7dP xgdP xq
4\F) = P 25 2 92 2 2 2 2.2 9 \l—en’
T (3716551755193767556837795573785589)

I;(k) :bi—|—€(c@'—|—lid@)—|—0(€2), 1= 3,4
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Introduce the following auxiliary integrals

edve dP zedP x-dP rsdP g
I3(k) = :

2D 5 2 9 2 9 2 9 92 9 \]_er’
Q T16T19TE7 T8 L7879 T5TRTR)
Lu(s) edve dP zedP x-dP rsdP g
4\R) = D 2 9 2 2 2 2 9229 \l—en’
7T (T16T17TT9TE7 TG THgT7TETRg)

I;(k) :bi—FE(Ci—Flidi)—l—O(GZ), 1= 3,4

Evaluate /5(0) and 14(0). They are not master integrals.
We use FIRE to reduce them to master integrals,

In particular, I; and I.
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2 7 20 065
532——51——192—7045+—432—— o

3 3 567
5
b4:—bl—262—45g5+7§32—5—47r6
14 14 2 7 4667 130 100 13
632351 352—§C1—§C2—TC7 —WC5——C5 —WCS,
4193 39
C4:2b1—6b2—61—202——g7 §7T C5—275C5—|—35C3
T4 2%
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2 7 20 065
532——51——192—7045+—432—— o

3 3 567
5
b4:—bl—262—45g5+7§32—5—47r6
14 14 2 7 4667 130 100 13
632351 352—§C1—§C2—TC7 —WC5——C5 —WCS,
4193 39
C4:2b1—6b2—61—202——g7 §7T C5—275C5—|—35C3
7 4. 25
EERE T

Evaluate /3 and I, at k = 1/2 and x = 1 and obtain /; and

I, l.e. b1, by and C1,C2.
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I;(k), i = 3,4 1s a linear function of x at O(¢) —

1;(0) = 21;(1) — I;(1/2) + O(€*) = b; + ec; + O(€%)..
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I;(k), i = 3,4 1s a linear function of x at O(¢) —
1;(0) = 2I;(1) — I;(1/2) + O(€*) = b; + ec; + O(€?).

Let x = 1, i.e. with propagators 1/(z?)!~¢ —
FlI3(1)] and F[I4(1)] are given by conventional four-loop

momentum Feynman integrals with propagators 1/p.
FlI5(1)] — My of Baikov and Chetyrkin.

I3(1) = 36¢3% + €(108 (3¢4 + 288(3* — 378 (7) + O(€%)

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.58



I;(k), i = 3,4 1s a linear function of x at O(¢) —
1;(0) = 2I;(1) — I;(1/2) + O(€*) = b; + ec; + O(€?).

Let x = 1, i.e. with propagators 1/(z?)!~¢ —
FlI3(1)] and F[I4(1)] are given by conventional four-loop

momentum Feynman integrals with propagators 1/p.
FlI5(1)] — My of Baikov and Chetyrkin.

I3(1) = 36¢3% + €(108 (3¢4 + 288(3* — 378 (7) + O(€%)

The second integral F[14(1)] is not a master integral.
We applied FIRE to reduce it to master integrals

Mo1, M1, M35, M3, M3e, M12, Moy.
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I4(1) = 3632 + € (108 ¢3¢ + 108¢3% + £2¢7) + O(€?)
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I4(1) = 3632 + € (108 ¢3¢ + 108¢3% + £2¢7) + O(€?)

Let now x = 1/2.

For the integral 75(1/2), the conformal weight of the
iIntegrand at x7 and zg equals the space-time dimension
4(1 — re) = D.
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I4(1) = 3632 + € (108 ¢3¢ + 108¢3% + £2¢7) + O(€?)

Let now x = 1/2.

For the integral 75(1/2), the conformal weight of the
iIntegrand at x7 and zg equals the space-time dimension
4(1 — re) = D.

Using inversion z' — z!'/z? we obtain

[3(1/2 _ etre f dP xed® x7dP x8d” zg _ 1 A 0
— 2D 2 2 .2.2.92 \i—<c/2 —
C1516515195’767515683778515793763793389) / v
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The two-loop subintegral over x> and xg equals

S / dPxrdP xg 63+ (9¢ + 12¢3)e + O(€?)
5’7675’7685'7785’7%95’389)1 €/2 (5’369)1 /2
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The two-loop subintegral over x> and xg equals

e27e / dP x7dP xg 63+ (9¢ + 12¢3)e + O(€?)
T ) (282507559 T59) /2 (x5g)1¢/2

Taking similarly the remaining integral over z¢ and =g —

I3(1/2) = [6¢3 + (9¢4 + 12¢3)e + O(H)] .
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The two-loop subintegral over x> and xg equals

e27e / dP x7dP xg 63+ (9¢ + 12¢3)e + O(€?)
T ) (282507559 T59) /2 (x5g)1¢/2

Taking similarly the remaining integral over z¢ and =g —

I3(1/2) = [6¢3 + (9¢4 + 12¢3)e + O(H)] .

1(1/2) =?
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The two-loop subintegral over x> and xg equals

e2ve / dP z7dP rg 63+ (9¢ + 12¢3)e + O(€?)
w0 ) (ag,a55775 591 30) 1 /2 (28g)1¢/2

Taking similarly the remaining integral over z¢ and =g —

I3(1/2) = [6¢3 + (9¢4 + 12¢3)e + O(H)] .

1(1/2) =?

I4(1/2) = I3(1/2) = 36¢3> + € (108¢3(4 + 144(3%) + O(c”) .
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Gluing

Method of gluing

[K.G. Chetyrkin & FV. Tkachov’81, PA. Baikov & K.G. Chetyrkin,10]
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Gluing

Method of gluing

[K.G. Chetyrkin & EV. Tkachov'81, P.A. Baikov & K.G. Chetyrkin,10]

Gluing by vertex and gluing by line.
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Gluing

Method of gluing

Gluing by vertex and gluing by line.

Let F1(q;d) be an [-loop dimensionally regularized scalar
propagator massless Feynman integral corresponding to a
graph I,

Fr(g;d) = Cr(e)(¢*)*/* 7",

where w = 41 — 2L is the degree of divergence and Cr(¢) Is a
meromorphic function which is finite at ¢ = 0 If the Integral is

convergent.
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Gluing

Let us denote by I' the graph obtained from T by adding a
new line which connects the two external vertices.
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Gluing

Let us denote by I' the graph obtained from T by adding a
new line which connects the two external vertices.

Gluing by line. Let us suppose that two UV- and
IR-convergent graphs, I'; and I'y, have degrees of

divergence w; = wy = —2 and that I'; and I’y are the same.
Then Cr,(0) = Cr,(0).
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Gluing

Let us denote by I' the graph obtained from T by adding a
new line which connects the two external vertices.

Gluing by line. Let us suppose that two UV- and
IR-convergent graphs, I'; and I'y, have degrees of

divergence w; = wy = —2 and that I'; and I’y are the same.
Then Cr,(0) = Cr,(0).

Cr,(0) = Cr,(0) = 20¢5
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Let us prove (without calculation) that 75(0) = 14(0).

1,(0) = GO i=34.
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Let us prove (without calculation) that 75(0) = 14(0).

c;i(€) |
L0) = Gama 1234

Add to each of these diagrams a new line with the usual
propagator 1/x%, i.e. multiply 7;(0) by 1/2% (gluing by a line).
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Let us prove (without calculation) that 75(0) = 14(0).

c;i(€) |
L0) = Gama 1234

Add to each of these diagrams a new line with the usual
propagator 1/x%, i.e. multiply 7;(0) by 1/2% (gluing by a line).
Take the Fourier transform

r [Ii(g)] o ¢i(€) ]

11 (7))

270D (—5e)

:Cz(e) F(2—|—4€) (p2)5€

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.63



The pole part in ¢ is independent of p,
F {LQO)} = a0 4 O(€"), i.e. independent of the way p

x1 He

flows through the diagram.
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The pole part in ¢ is independent of p,
F {LQO)} = —% + O(€Y), i.e. independent of the way p

flows through the diagram. This is the UV pole part of the
vacuum graph (i.e. with p = 0) obtained by gluing either

from I3 or I4. g

—>

¢

®®
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The pole part in € is independent of p,

F {%} = —% + O(€Y), i.e. independent of the way p
flows through the diagram. This is the UV pole part of the
vacuum graph (i.e. with p = 0) obtained by gluing either

from I3 or I4. g

So, ¢3(0 0) and, therefore, 1,(0) = I3(0) at e = 0.

—>

—>

®®
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Consider I3 and I, with all the indices equal to
1 —¢/2 = X\/10.
Formally, these are I3(x) and I4(k) at k = 1/2 — \/(10e).

(27;(6, )\)

[;(1/2 4+ A/(10¢)) = (22)1—€¢/2-0A]10"

i =34
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Consider I3 and I, with all the indices equal to
1 —¢/2 = X\/10.
Formally, these are I3(x) and I4(k) at k = 1/2 — \/(10e).

Ci(ea )‘)
(x%)1—€/2—9>\/10 ’

Ti(1/2 + X/ (10¢)) = i=3,4.

Add to these diagrams a new line with the propagator with
the same exponent, i.e. multiply 7;(x) by 1/(z2)!~¢/2-A/10
(gluing by a line)
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Consider I3 and I, with all the indices equal to
1 —¢/2 = X\/10.
Formally, these are I3(x) and I4(k) at k = 1/2 — \/(10e).

(27;(6, )\)

[;(1/2 4+ A/(10¢)) = (22)1—€¢/2-0A]10"

i =34

Add to these diagrams a new line with the propagator with
the same exponent, i.e. multiply I;(x) by 1/(23)1=¢/2=7/10
(gluing by a line)

Take the Fourier transform

L;(1/2+ X\/(10e))] ci(e,A) | 2227 (\) _
P || = ]~V e
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The pole part in X is independent of p,

I;(1/2 4+ X\/(10¢)) _ -1 ci(€,0)

7 (x%)l—e/Z—)\/lO F(Q _ e)

+0(\Y),

l.e. independent of the way p flows through the diagram.
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The pole part in X is independent of p,

Li(1/2 4+ A/(106))] _ |1 cie,0) Lo,

7 (x%)l—e/Z—)\/lO B ['(2—e¢)

l.e. independent of the way p flows through the diagram.
This is the UV pole part of the vacuum graph (i.e. with p = 0)
which is the graph obtained by gluing either from I3 and 14.

0
%Y

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.66
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S0, c3(€,0) = c4(€,0) and, therefore, 14(1/2) = I3(1/2)
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S0, c3(€,0) = c4(€,0) and, therefore, 14(1/2) = I3(1/2)

I3(k) = 36¢3% + €(108 (3¢s + 288 k(3* + (1 — 2k)378(7) + O(€?)
I4(k) = 36¢3° + €(108 (3¢s + (180 — 72k) (3% — 182(1 — 2k) ¢7) + O(€?)
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S0, c3(€,0) = c4(€,0) and, therefore, 14(1/2) = I3(1/2)

I3(k) = 36¢3% + €(108 (3¢s + 288 k(3* + (1 — 2k)378(7) + O(€?)
[4(k) = 36¢3” + €(108 (3¢ + (180 — 72k) 3% — 182(1 — 2k) ¢7) + O(€?)

We obtain

bs = by = 36(3°,

C3 = 108 CBQL + 378 C7 :

189
¢y = 108(3(y + 180¢3% — —= (7.
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This gives a system of linear relations for b1, b, and ¢y, o,
with the solution

5

ai (5, D1 Tl (3“ + 35(s5,
20(s, b 10 6 8 (3% —40¢
a _— — = ——170 — S
2 5% 2 189 3 Doy
13 , ) 5 o 345 5 ¢
= ¢y —91 195C5 — — 4 —
C1 307T Cg 9 Cg —+ 95(5 37T C5-|— 1 C7—|— 547T :
1, ) 20 20
= —— 7t — 1652 — w2 — 520(7 — —
o =T (3 — 16(3° — 80(5 + 5T Cs C7 5™
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Our results:

5Cs 5
I 61
1 = p -+ 3787T 3C3 -|—35C5
13 5 345 5
+ <__307T (5 — 91¢3° + 195¢; — u 205 + —§7 6) €4 ...
20(:5 10 6 2
I — — _ 226 4
9 - 5™ 8(3 05

4, , 20 20
— — 16 — &0 — — 52 — —
+< =T (3 (3 (5 + 37TC5 5207 1897T>€+

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.69



To check numerically our analytic results for these two
non-planar integrals we used the code FIESTA

which gave the precision of six digits.
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To check numerically our analytic results for these two
non-planar integrals we used the code FIESTA
[A.V. Smirnov & M.N. Tentyukov’08]

which gave the precision of six digits.

Modern sector decompositions
[T. Binoth & G. Heinrich’00; C. Bogner & S. Weinzierl’07; A.V. Smirnov & M.N. Tentyukov’'08;

A.V. Smirnov, V.A. Smirnov, & M.N. Tentyukov'10; J. Carter & G. Heinrich’10]

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.70



Conclusion

Why have we succeeded?

(5) 237 135 945

o7 81,
Vi —E+ZC3—1—6C3 —E@—FS—QC?
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Conclusion

Why have we succeeded?

5 237 27 81 135 945
=Tt Ta G - TG G

#® We have used the expression for the correlation

function G4 constructed In
[ B. Eden, P. Heslop, G.P. Korchemsky, E. Sokatchev’'11]
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Conclusion
Why have we succeeded?

5 237 27 81 135 945
=Tt Ta G - TG G

#® We have used the expression for the correlation
function G4 constructed In

[ B. Eden, P. Heslop, G.P. Korchemsky, E. Sokatchev’'11]

#® We have reduced the problem to four-loop integrals
(using IRR)
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Conclusion
Why have we succeeded?

5 237 27 81 135 945
W =Tt TG 16 TG G

#® We have used the expression for the correlation
function G4 constructed In

#® We have reduced the problem to four-loop integrals
(using IRR)

#® We were able to reduce all the integrals obtained to
master integrals (using FIRE)
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Conclusion

Why have we succeeded?

5 237 27 81 135 945
W =Tt TG 16 TG G

#® We have used the expression for the correlation
function G4 constructed In

#® We have reduced the problem to four-loop integrals
(using IRR)

#® We were able to reduce all the integrals obtained to
master integrals (using FIRE)

® We were able to evaluate the two unknown master
Integrals (using gluing)
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Conclusion

Why have we succeeded?

5 237 27 81 135 945
W =Tt TG 16 TG G

#® We have used the expression for the correlation
function G4 constructed In

#® We have reduced the problem to four-loop integrals
(using IRR)

#® We were able to reduce all the integrals obtained to
master integrals (using FIRE)

® We were able to evaluate the two unknown master
Integrals (using gluing)

An analytic six-loop calculation?

V.A. Smirnov DESY, Hamburg, March 8, 2012 — p.71



	A12p2-end.ps
	ADP84.tmp
	
	
	
	
	
	
	
	
	
	
	
	 
	 
	 
	
	
	�ootnotesize {IRR}
	�ootnotesize {IRR}
	�ootnotesize {IRR}
	�ootnotesize {IRR}
	�ootnotesize {IRR}
	�ootnotesize {IRR}
	 
	 
	 
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	�ootnotesize {IBP}
	 
	 
	
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	�ootnotesize {Gluing}
	�ootnotesize {Gluing}
	 
	 
	 
	 
	 
	 
	 
	
	�ootnotesize {Conclusion}



