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Plan

Why form factors ?

Form factors in N=4 SYM

Three-point form factor of 1/2 BPS operators in
N=4 SYM at two loops:

» |. from unitarity 2. from symbols

Compare N=4 form factor to Higgs + multi-gluon
amplitudes in QCD and to N=4 amplitude remainders




Form Factors

® Partially off-shell quantities

F = /d4a7 e 1% (state|O(x)]|0) = 6™ (¢ — pstate) (state|O(0)]0)

® FElectromagnetic form factor /
¢=p—p
off shell

(e~ ()] J™ (0) |~ (p)) = ’\

J, = ﬁmﬂﬁ on shell on shell




® Three-loop correction to electron g-2

72 diagrams (Cvitanovic & Kinoshita '74)

like (1.181241456...) (e, /7)°

(Laporta & Remiddi '96)

» wild oscillations between the values of each integral
» final result is O(1)

» another example of unexplained simplicity...




® Form factors appear in several interesting contexts:

» deep inelastic scattering (¢ + p = e + hadrons)

+
» ¢ e — hadrons:

€+(p2)\ \ ¥
L= T (—e)(X|Jm(0) J0)

/ v . - e@(pQ)’YMu(pl) (p1+p2)2 (

co : /

+ —_—
e e — hadrons (X) hadronic electromagnetic current
all orders in Kstrong, first order in Gem.




® TJotal cross section:

L = plpy +phpy — T fromLHS  (g=pi+p)

» W, = lIm d*z e 0T [J5™ (x) Jg™(0)]10)  from RHS

T

- encodes our ignorance of QCD dynamics

- usually evaluated using OPE / models

® Correlation functions appear in the picture




at low My,

coupling to gluons through a

- proportional to the mass of the quark = top quark dominates

for My <2 m; integrate out the top quark

Log ~ HTrF?

coupling is independent of n;

efficient MHYV rules (Dixon, Glover & Khoze; Badger, Glover & Risager; Boels & Schwinn)




® |n our language:

» form factor of Tr (Fsp)? (= amplitude of a different theory!)

gz (1,0000n) = /d4x e ' (state| Tr F3p () ]0)

» in N=4 SYM, this is related to the form factor of Tr (¢12)?

Prigg,(1.oon) = [t %% (state| Tr (o) [0

- Tr ¢?12 and Tr Fsp? part of the same /2 BPS supermultiplet

- supersymmetric form factor of the chiral part of the
stress tensor multiplet (Brandhuber, Gurdogan, Mooney, Yang, GT)




® Number of Feynman diagrams for the 3-point form
faCtor in QCD (Gehrmann, Glover, Jaquier, Koukoutsakis)

» | loop: 60

» 2 loops: 1306




Form Factors in N=4

super YM




i. Tree level

(Brandhuber, Spence, GT, Yang; + Gurdogan & Mooney)

» Simplest form factors: scalar |/2 BPS operators

- eg O) =Tr (12 ¢12)(x) where 5 = %GABCD GCP

- Sudakov form factor: < ¢ (p1) ¢12 (p2) 1 O (0) 10>
Important note: () is a colour singlet

- equal to 1 at tree level

» “MHV” family: add positive-helicity gluons

/d4x e (g T (p1) -+ -D12(pi)- - d12(py)- - g T (pn)| Tr(@12012) () [0)

_ i) D (S,
= Gy




Fyviav(l, . i g

» structure very similar to that of MHV amplitudes in N=4

- holomorphic function of spinor variables
- localises on a line in Penrose’s twistor space, as MHV amplitudes

- numerator can be derived from a supersymmetric o-function




» Non-MHV form factors: add g7 ’s in the external state

FNMHV(L--->4) = <gb12(p1)q512(p2)g_(p3)g+(p4)\Tr(gblgqblg)(O) \0>

» Use on shell techniques, e.g. BCFWV recursion relation:

§-0)

2 recursive
diagrams

_ 4?1 (gl (32 1 (3]g]2)
23](34] 5234 (1]q| 2] (34)(41) s341 (1]q| 2]




ii. Supersymmetric form factors

(Brandhuber, GT, Yang; + Gurdogan & Mooney; Bork, Kazakov,Vartanov)

» In N=4 SYM: re-package component amplitudes into
superamplitudes

» From form factors to super form factors:
- supersymmetrise the state (Nair)
- we can also supersymmetrise the operator

- supersymmetry relates Tr ¢?1> and Tr Fsp? form factors




» Chiral part of the stress-tensor multiplet
(Eden, Heslop, Korchemsky, Sokatchev)

T(x,0%) == T(x,07,0_ =0:;u)
Tl“(¢++q5++) e 4 %(9+)4£

- here gt .= Hﬁuja , a=12 oa=1,2 (harmonic projection)
- natural choice in order to match to Nair chiral superspace

- lowest component is T1 (¢12 ¢12)(x); top component is
the (on-shell) Lagrangian

L = Tr[ — % wsFP + V290 pap, NE] - %92 (647, 6“P[paB, ¢CD]}

- obtained from the complete stress tensor multiplet by setting

6_

0




» Our super form factor is then:

e’ 0—|—a

F = /d4:cd49+ o7 =0 (T (, 67)|0)

- dependson ¢ and 7., (conjugate to x and oty

- <l...n| =<0]| DPpi,n) D(pu,nn) Nair superstate

» From supersymmetric Ward identities:
Fo= M=) Ax) s =) Aimg) WO Ain-u) R

- Grassmann variables associated to particles:

 _A
Ntai — ULyMAq




» Our super form factor is then:

e’ 0—|—a

F = /d4:cd49+ o7 =0 (T (, 67)|0)

- depends on ¢ and W?.a (conjugate to x and H;FCL )

- <l...n| =<0]| DPpi,n) D(pu,nn) Nair superstate

[‘P(p, n) = gt (p) + nav?(p) + %QSAB (p) + €ABCD?W;—E;UC7;D (p) + 7717727737749(29)]

» From supersymmetric Ward identities:
Fo= M=) Ax) s =) Aimg) WO Ain-u) R

- Grassmann variables associated to particles:

. A
/r}:l:a’7i o u:l:anAall’




Some explicit examples

» Tr ¢?1» and L (3 Tr Fsp?) form factors:

Fu(g++)2

Fr

5(4) (q — ZAzXz) 5(4)(2)\&7_,1) R

valid to all loops

» Super MHYV, tree: RMHV I

(12} -~ (n1)

}—;\rde _

S (g =30 MN) SW (v =S Aimga) S, Nin—)

(12)--- (n1)




» MHV form factor of on-shell Lagrangian

(i j)*

g Jgm ...ng+|TI‘FS2D(O)‘O> - (12)(23) ---(n1)

- same as Higgs + multi-gluon amplitude (Dixon, Glover, Khoze)

- same as gluon MHV amplitude for ¢ = 0: 7| ,—0 ~ ﬁ A

(Lagrangian insertion trick) (Intriligator; Eden, Howe, Schubert, Sokatchey, West)

» scalar MHYV form factor

(i j)?
(12)(23) ---(n1)

(Lgt = iy = Jhrn * gt | T (12012)(0) [0) =

» maximally non-MHV (from Grassmann Fourier transform)

q4

(1g- -+ ng-| Tr F§p(0) |0) = 12]123] -~ [n1]

- same as “minus only” A, (H, gy, - ,9,, ) (Dixon, Glover, Khoze)




iv. One loop

(Brandhuber, Spence, GT, Yang; + Gurdogan & Mooney)

» Form factors from unitarity

- simplest application: Sudakov form factor

F(g%) = {¢12(p1)d12(p2)| Tr(d12¢12)(0) |0)

Iy

: ‘e

I

[F(q2)]1100p _ 2(_q2)—e|:_€i2+%+0(6)] D=4 —9¢ =

regulates infrared divergences

- agrees with a pioneering calculation of van Neerven (van Neerven '86)




MHV:  Fuav = (@ (1) 0pi)01ap;) g7 ()] Tr(d12012)(0) 10)

one loop:

FO = O [ 3 ) D S e,y P.Q)]

1=1 a,b
one-loop result proportional to tree F©)

sum of finite two-mass easy box functions

result very similar to the MHV amplitude...

...except that g can be inserted in all possible ways
(“nonplanarity” of momentum flow) ) R

a

a “two-mass easy” box function:
two opposite legs, p; and pp, are massless




v. Iwo loops

» Sudakov:

F(CIQ) c= <¢12(p1)¢12(p2)|Tl"(¢12¢12)(0> ‘O>

- simple illustration of the technique

- [’ proportional to 0912

- non-planar one-loop amplitude are also relevant in the cuts!




» One-loop complete amplitude (planar + non-planar)

Complete: AL — AS) + Al(\]l]?) where

AY = N YT (T 1) A (o1, o)
0c€Sn /L,
[n/2]+1
AD = 3 S DT T TR T Al (o, .. o)

c=2 0ESnc

- Alll,..linear combinations of colour-ordered amplitudes A4l!l,
(Bern, Dixon, Dunbar, Kosower)

5a1a2

- contracting with tree form factor ~ we get:

N §92Ty(TUT2TATY) = N2Te(T*TY) = N?§*7

P:
NP 6% Te(TT*) Te(TXTY) = N*Te(T*TY) = N?§*Y

both leading in colour!




» Final result obtained very easily:

F®(g*) =

agrees with van Neerven

two-loop result exponentiates as expected:

[P = 2(-) [~ 5+ 2 +000)

€ 2

]210013 g . C_2 n (:_3 n O(e)}

€2 €

[Log F(q?)

result is transcendental (non-planar integral topology)

recent three-loop calculation (Henn, Huber, Gehrmann)



3-point form factor at 2 loops

(Brandhuber, GT,Yang)

© MHV F3(1,2,3) = (¢12(p1) d12(p2)gT (p3)] Tr(d12012)(0) |0)

» Tree: F3'*° =

L L
» Loops: F3( ) — Ftree g( )( 1,2,3)
QéL) helicity-blind function
- totally symmetric under legs exchange

- one-loop: IR divergences + sum of finite 2me box




® First 2-loop calculation: with generalised unitarity

|. detect all possible integrals and coefficients with iterated two-
particle cuts

2. next, fix all remaining ambiguities using three-particle cuts, such as

'L D1

q
p3 @%@

Ty b2




® Final result:

2

=Y (DTri; + DBox;) + TriPent + NBox + NTri + cyclic
1=1

DT’I”’il = q2(823 —+ 831) X 1 DTT’iQ = q2(812 —+ 831) X

< ) — 1
q —< q ‘<
5 3 ? 2
3
DBoxy = 593 (531€ “p3 — S12l - pz) X DBoxy = 513 (5310 - p1 — 5230 - p2) X

1 - q < > |
l

> )

TriPent = ¢*s12593 % NBox = s93 (%812531 — s12la - pa — s31l ~p3) X
> )
q

NTri = %q2(823 + S31)X

result expressed in terms of two-loop planar and non-planar integrals




® Evaluate integrals with sophisticated technologies:

»  AMBRE (Gluza, Kajda, Riemann,Yundin)  (only for planar or non-planar with | scale)
» MEB.m (Czakon):

» MBresolve.m (Smirnov & Smirnov)

® Several ana|)’tIC reSUItS (Gehrmann & Remiddi)

. . 512 . 523 . S31 :
» variables: wu := PR q_27W'th q =p1+p2+ p3

» all known integrals appearing in our answer are transcendental

» expressed in terms of Goncharov polylogarithms...

» ...which disappear in our final expression for the remainder




® Numerical results for the two-loop form factor

» for various values of (-s12, -$23, -831):

0.  6.12223 16.7052

LLD: S +g5+— — —18.2484£0.02+ O(c)

4.5 207944 798765 18.9491
- 3 _|_ 3 —
€ €

€
4.5  4.15888 n 9.2099  23.0025

(1,1,2) : — 731824 0.02 + O(e)

(1,2,2) :

- 3 = ; + 1.8686 + 0.02 + O(e) ,

45 537528 11.6703  25.9714
(1,2,3): —-=F—+—5— -

+10.6624 4 0.03 + O(e) .

» sanity checlk: exponentiation of infrared divergences

» next: construct finite remainder




The form factor remainder

® Construct ABDK/BDS remainder, 'R

R =07 — L(G(0)" - PGV (2e) — P + O(e)
» Ingredients:

- two-loop form factor G\

- one-loop form factor G\ to higher orders in €

- f@(e) = =2 — 2¢3e — 2¢4€* contains cusp and collinear
anomalous dimensions (integrability!), — C?(c) = 4¢,

» Properties:
- finite
- . . 2 2
- trivial collinear limits RY — 72,(131

- in particular: Rgf) — 0 (there is no Sudakov remainder Rf) N




» recall: where

: 2
(u, v, w) numerical Ré) est. error

(1/3,1/3,1/3) -0.1519 0.02
(1/4, 1/4, 1/2) -0.1203 0.02
(1/5,2/5, 2/5) -0.1301 0.02
(1/2,1/3, 1/6) -0.1080 0.03

~4, 7 infrared poles cancel with negligible errors

» €%, ¢ poles cancel with precision 10°'%, 10" respectively

» remainder is very small!




The remainder from symbols

® Strategy:

» define an appropriate remainder function:
- finite
- trivial/understood collinear limits
» determine its symbol (Goncharoy, Spradiin, Vergu, Volovich)
- remainder is a transcendentality-four function (two loops)
- impose symmetries and physical constraints

» fix beyond the symbol terms

» lift symbols to functions

- doable at least in certain controlled cases




Examples of this strategy so far:

Six-point MHYV remainder (Goncharov, Spradiin,Volovich, Vergu)

MHYV remainder in (1+1)-dim kinematics (Heslop & khoze)
- 2 loops,all n

- 3 loops, all n (7 undetermined constants)
MHV remainder, any 7 (Caron-Huor)

Six-point, MHV remainder at 3 loops

(Dixon, Drummond, Henn; Caron-Huot, He)

Six-point NMHYV remainder at 2 IOOPS (Dixon, Drummond, Henn)

Our example: three-point (I leg off shell, 3 on shell) form factor
remainder at 2 loops




Crash review of symbols

® The symbol of a transcendentality-k function is an

element of the k-fold tensor product of rationals
(Goncharoy, Spradlin,Vergu,Volovich)

> fB) 5 S[fRP] = Ri®---® Ry,
® Recursive definition:

v df® = Y alogR, =

® Two key properties:

- Q R, Ry ® - - QR Q-+ QR ® -

R CeR, R - - Q@ Ry ®---  where ¢ = constant




® Examples:

» Sllogx]=x, S[LiXx]=-((1-x)®x), S[Liz(x)]=-((1-x) ® x ® x)

» Sllogxlogyl=x® y+ y ® x (note: x ® yis not the symbol of a function)

® The symbol transforms complicated polylogarithmic

identities into algebraic ones, e.g.

7'('2

» Lis(z) + Lia(1 — 2) + log(z) log(1 — z) — 5 = 0 translates into

—((1-2)®2) —ze(1l—-2)+(1—-2)z+2z0(1—2) =0

» loss of information on 7’s (beyond-the-symbol terms) and branch cuts
where the function has to be evaluated




Constructing the symbol of R

® Entries: (u,v,w, l-u, 1-v, 1-w) u=swlqg*, v=snlqg?,w=s3/qg?

» from inspecting the relevant integrals in Gehrmann & Remiddi

® First entry: (u,v,w) for correct branch cuts

(Gaiotto, Maldacena, Sever, Vieira)

» S[R?] Z P?. @ S[disc; ;R*]  with Pj:=pi+

» also satisfied at the GR integral function level

® Further constraints on entries

(Gaiotto, Maldacena, Sever, Vieira; Caron-Huot; Dixon, Drummond, Henn)

» second & last entries




® Trivial collinear limits

b RéQ)(u,v,fw) — 0 aswuorvorw —0

» reminder: U =

® Symmetry R (u.v,w) = R (v,u,w) = R (w,v,u)

® |ntegl”abl|lt)’ (Goncharov; Goncharoyv, Spradlin,Vergu, Volovich)

» the symbol must correspond to a function!

» for any two adjacent entries  and / +1:

Sodlog Ry AdlogRip1 [R1®+ Q@ Ri_1 @ Rizo ® - ® Ry




® The unique symbol satisfying these requirements:

S? = 2uel-u)e(l-ue
u

v
—u®(l—u)@vE - —u® (1 —u)

1 —w
—u®v®(1—u)®T—u®v®(1—v)®

1—u 1—v
+u®v®w®T+u®v®w®

1 —w 1 —w
+u®v®w®7—u®w®(1—u)®—

w
1—wu 1—w
—|—u®w®v®T+U®w®v®

1 —w 1 —u
+u®w®v®7—u®w®(l—w)®

+ cyclic permutations .

» overall coefficient fixed from numerics for n = 3
(from collinear limits for n > 3)

» can we determine uniquely the function with this symbol?




® Yes!
» S satisfies a particular relation of Goncharov, Spradlin,Vergu & Volovich:
Sured ~ Shava ~ Supte + Shase — (a3 €. berd) = 0
» —> can re-express as a linear combination of classical polylogarithms only
log 1 log x2 log x3log xy , Lis(x1)logxologxs , Lig(xy)Lis(x2) , Liz(x1)log o and Liy(x;)

» we find the following arguments:

1 1 1 VW
U v w w U v

(u,v,w,l—u,l—v,l—w,l——,1——,1——,——,——,——

® Fi n a.I an SWG r ﬁtS O n O n e I i n e (for appropriately chosen fonts):




® Final answer:

-

RE = 2 [1 (=) 40y (<2 0, (<] _82 L (1) +
- 3 9

ZLiz(l — ) +% ZIOgZ u@] B log* E;ww) _ 7@1
[ i=1 i=1 '

beyond the symbol terms: fixed using collinear limits

no Goncharov polylogarithms!

o Next: QCD




Form factors in QCD

® HIggS + 3 pal"tons (Koukoutsakis 2003; Gehrmann, Glover, Jaquier & Koukoutsakis 201 I)

> Hg+ g_ g_ MHV Ftree(Hagl—792_7,g;_)

» Hg+ gt ¢t maximally non-MHV Fe(H, gt g5, g7) =

» Hq q g fundamental quarks

® [nh N=4S5YM:

» (Hgtg ¢) and (H g" ¢g* g*) both derived from super form factor

» from supersymmetric Ward identities:

F®9y.95,95) _ FM9lh95.95) o
Ftree(gl_,gg_,g;) Ftree(gi’g;’gg‘)

(u,v,w) <« what we computed




® QCD answer from Gehrmann, Glover, Jaquier & Koukoutsakis -

» expressed in terms of (a few pages of) Goncharov polylogarithms
» entirely expected because of expansion as ) (coefficient x integral) !

- e.g.scalar non-planar double box does not satisfy the Goncharov
et al criterion

® Next, relate N=4 SYM and QCD form factors:

» take maximally transcendental piece of (Hg* g~ ¢7) and (Hg* g% g%)

» convert the Catani remainder into our ABDK/BDS-type remainder

in practice: R = F((;Z();JK - %(F((;lc)}JK)2




® We find a surprising relation...

@) _ 5O Y
H97979% |\[AX TRANS H g%t 9%9% |\ AX TRANS N=45YM

» from symbol and numerics

» all Goncharov polylogarithms in QCD results can be eliminated in

favour of classical polylogarithms
polylog see also Claude Duhr’s talk <%0

® Nothing similar seems to hold for the (#,4,7.9)
form factor

» maximally transcendental part does not satisfy Goncharov et al criterion

» interesting simplifications may still occur...




® Final surprise: amplitude vs form factor remainders

the six-point MHV amplitude remainder is built out of six variables
(u, v, W3 Yu, Yv, Yw):

2 .2 2 .2 2 .2
L e L13%46 Lo4x715 L35T26

- Cross ratios: : 55 = 5, W= —5—
T4 T T5-T T5.T

14T36 2514 36425

. u —z v —Z w—z
-y variables: Yu Ty, = Ty = *
u — z_ vV — Z_ w — 2Z_

zZ4 = —1+u+v+w:|:\/Z}, A=(1-u—v—w)? — 4uvw

1
2

amplitude remainder is dual conformal invariant
(Drummond, Henn, Korchemsky & Sokatchev)

form factor remainder has no dual conformal invariance

three-point form factor variables:

2 2 2
L3 Loy L34
L4 L4 L4

written in a slightly
provocative way...




® Symbol of 6-pt MHV amplitude remainder has two

parts:

8(2)

_ &)
6,ampl 6,a

5(2
mpl(U,U,UJ) + Sé,;mpl(uavaw;yU7yvayw)

(u,v,w) and S

6, ampl (’U,, UV, Wy Yus Yo yw) have trivial

.6, ampl\ ™
collinear limits (independently)

3, form factor

0 We find: (8171 pctr (1:0:10) = Syl vy0)]

>

identify the (independent) cross ratios (i, v, w) with the (dependent)
form factor ratios (u,v,w)

In general, form factor remainder depends on 3n - 7 ratios, amplitude
remainder depends on 3n - 15 cross ratios.



® Reminiscent of a strong coupling observation...

» 4-pt form factor in (I+1)-dimensional kinematics expressed in terms of
the octagon remainder function (Maldacena, Zhiboedov)

® More investigations are under way

» (I+1)-dimensional kinematics

» 3 loops




Summary

» Hidden structures in (amplitudes &) form factors

» Form factors in N=4 super Yang-Mills

- tree, one and two loops

» Three-point form factor in N=4 super Yang-Mills & QCD
- remainder function from symbols and explicit calculations
- relation to Higgs + multi-gluon QCD remainder...

- ...and to the N=4 six-point MHV remainder




Open questions

Further relations between amplitude and form factor
remainders! (there are no coincidences in N=4 SYM..))

More loops, more legs

Further applications of symbol to QCD?
Connection to correlation functions!?
Representation in terms of Wilson lines?

Recursion relations for form factors integrands?




