Anomaly Cancelation &
Abelian Gauge Symmetries
in F-theory




Consistency of low-energy effective field theories

INTRODUCTION



EFFECTIVE FIELD THEORIES & CONSISTENCY

Low-energy physics from UV theory

e Start with consistent UV theory and choice of vacuum.

e Effective theory automatically consistent by consistency in UV.
e Understand mechanisms for consistency in IR from UV.
e Learn about UV theory and its vacua in return.




GOALS OF THIS TALK

Consistency of effective physics in 4D F-theory compactifications
Conditions arising from anomaly cancellation in 4D F-theory

Points addressed:

e Calculation of chirality of 4D matter on compact fourfolds.
e Green-Schwarz-mechanism in 4D F-theory.

e Construction of U(1)-symmetries in 4D F-theory.

e Relations between 4D and 3D physics.
e Anomaly constraints 9 geometric conditions on fourfolds
e Anomalies canceled in concrete cases.




GOALS OF THIS TALK

Complications to obtain 4D F-theory effective action:

e no 12-dimensional effective action of F-theory as
starting point for dimensional reduction
m) formulate F-theory via dual M-theory.

e Address F-theory anomaly cancelation in M-theory

Weak coupling limit Type IIB with D7+07:
[Many works,..., Plauschinn]



REVIEW OF ANOMALIES



Anomalies in field theory and gravity

 Anomaly is breakdown of classical symmetry in quantum theory

Triangle
— Violation of current conservation law at one loop anomaly

— One-loop exact

— Anomalies of gauge & diffeomorphism symmetry

* Consider here: four-dimensional gauge theory coupled to gravity

— Gaugegroup G =G xU(1); x--- x U(1)
« Non-Abelian group GG (product of simple groups)
e Abelian factors U(1),,, m=1,... , MU (1)
— Left-chiral Weyl fermions:

nu (1)

* Representation R under G
* U(1)-charges g, under -» charge vector q
* Multiplicity n(R,)



* Anomaly polynomial: only left-chiral Weyl fermion

1 3 1 s 2

— Gauge and regulator invariant characterization of anomalies (charact. class)
— Regulator-dep. gauge variation of guantum eff. action by descend-equation

* Four qualitatively different types of anomalies in 4D: Fz — Fg, F™

(A) Pure anomalies

— non-Abelian tr(F2): AC = Zn
3
— Abelian F™ F" F*. AU 1 Z" 0 oG

(B) Mixed anomalies
m G—
— Abelian/non-Abelian F"tr(F3): A7 vl) — 5 Zn R)qm,

— Abelian/gravitational F™"tr R?: A>T vl — = i3 Z n(q
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Generalized Green-Schwarz mechanism

1. Green-Schwarz counter term: topological term for axions P

1
Sgls) / —b(G)pa tre (Fa A Fg) 4+ 200, pa F™ AN F™ + §ao‘pa tr(R A R)

2. Gaugings of axions: gauged shift symmetry
Voo = dps + Onm A™ O, determines gauged symmetry

> e Anomalous variation of SGE !SS.

e Cancel triangle anomaly by tree-level effect.

am Pa
A + M/wmxv—ci:ézgg I

Abelian: Not factorizable Abelian/non-Abelian: Affﬁ,ﬂ 00O
Abelian: 49re-U(1) — iaa@m Abelian/gravitational: 4¢-V() — Lb(G)@m

16 A g



F-THEORY AS M-THEORY



F-theory via Type IIB: Basic ingredients

* F-theoryis geometric SL(2,Z) invariant formulation of Type IIB
compactification on B;: invariant object is two-torus T2

w5 singular fibration of T2 (auxiliary) over B,.

e Singular elliptically fibered Calabi-Yau fourfold X 4:

— gauge theory (ADE...) in co-dim. oneon S in B, (7-branes).
— matter in co-dim. two on .S N S’ in B, (intersecting 7-branes).

— flux on (G,-flux) induces 4d matter

— Gauge group (G and 4D matter in representations of (5 .



F-Theory via M-theory: Basic idea

12-dimensional F-theory geometry is physical in M-theory
M-theory on T? % My is F-theory on S x M,

T2

A-cycle

B-cycle
M-/F-theory duality in 9D:

\l-Theo

— A-cycle: radius r,

@ string coupllng SIIA
@ string coupllng 8118

(more generally to axio-dilaton)
F-theory limit vol(T?) = r4 - rg — 00: grow 10t dimension in Type I1B

— B-cycle:

radlus ra/rg



F-Theory via M-theory: Details

Generalization to 3D duality:

M-theory on X, = F-theory on

m=» Study F-theory effective action in 3D M-theory

e 3D N=2 SUSY gauge theory has Coulomb branch: G — U(l)rank(G)

e

— VEV to Coulomb branch scalars in F-theory
— Resolution X4, — X4 in M-theory

VIassive states in M-theory and F-theory P
5 1
M-theory on resolved X4: F-theory on X4 X 5"

M2-branes on resolution P’sover S <#» massive W-bosons
M2-branes on resolving Pl’soverS N S’¢=> massive charged matter
M2-branes on elliptic fiber + P!’s <% Kaluza-Klein states of matter




F-Theory via M-theory: Details

* M-theory on smooth X4 11D SUGRA approximation
membrane states automatically integrated out.

e F- theory on 3D Coulomb branch: integrate out by hand
Match of 3D sonian effective actions on Coulomb branch:

4D N=1 SUGRA, gauge group G,
massless matter in rep. R

S'-reduction Classical
+integrate out reduction

Resolved fourfold)ﬁ, G,-flux

3D N=2 gauge theory on Coulomb branch,

U ]. rank(G) | ’“"""‘."f'\ "“"\”h"‘.' P oVel =l L= o
massive states integrated out

* Address questions about 4D anomalies on 3D Coulomb branch:
Relevance of integrating out massive states!



The 3D Coulomb branch and geometric relations on elliptic fourfolds

ANOMALIES IN 4D F-THEORIES



The program

Agenda for study of anomaly cancelation in F-theory

In a given F-theory fourfoIdX4 identify

e the gauge symmetry realized.
e chiral matter and 4D chirality: anomalies.

e GS-terms and gaugings: GS-mechanism.

Physical data encoded in key geometrical data of resolved

Spin-Off: Learn something about construction of U(1)’s in F-
theory from Abelian and mixed anomalies.

‘ fourfold X4 (new divisors) and (G 4-flux (new forms).




Gauge symmetry on resolved fourfolds

Structure of resolved fourfolds X4 for M-/F-theory compactifications

* Divisorsand forms: D4 = (B,D,, D;,D,,), wa = (wg, Wa, Wi, W)

7 -—

Base B, vertical divisors (inherited) New resolution divisors
1. Non-Abelian gauge group: from new divisors Di i=1,...,rank(G)

Dy Dj- Do Dy =~CigSic) B Do Dy

2. Abelian U(1)-factors: from new divisors D, m=1,...,nyq)

U(1)

* Mathematical origin of U(1)’s: [, obtained from Mordell-Well
group of rational sections of X, via Shioda map.
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Gauge symmetry on resolved fourfolds

Structure of resolved fourfolds X4 for M-/F-theory compactifications

* Divisorsand forms: D4 = (B,D,, D;,D,,), wa = (wg, Wa, Wi, W)

7 -—

Base B, vertical divisors (inherited) New resolution divisors
1. Non-Abelian gauge group: from new divisors [); i =1,... rank(G)

012Dy DBy = 55 D

Cartan matrix of G Divisor wrapped by rank(G) 7-branes
2. Abelian U(1)-factors: from new divisors D, m=1,...,nyq)

ul) . g.

No kinetic mixing Divisor wrapped by Abelian 7-brane

* Mathematical origin of U(1)’s: [, obtained from Mordell-Well
group of rational sections of X 4via Shioda map.



ldentification of Green-Schwarz-terms

Green-Schwarz terms are determined topologically

qU)

1. 7-brane gauge coupling functions: cpx. volumes ofS(G) » (m)

Expansion of 7-brane divisors

Non-Ab. 7-branes: S(q) = b‘()‘G)D

Ab. 7-branes: S(%;)dmn =0, D,

GS-term with gauge fields

b((XG)patI'f(FG A Fg)
+0  pa FTN T

2. Curvature couplings: (from comparison to D7-brane CS-action)

GS-term with Riemann?
/a,o‘,oojch2

* Gaugings of pyinvolves extra ingredient: G,-flux.



G,-flux on resolved fourfolds for F-theory

¢ Topologically non-trivial vacuum expectation value of field strength G4
- Locally: G4 = (dC3) - quantized [witten]

e Consider special fluxes of the form (vertical flux)
[Greene,Morrison,Plesser]

Gy = mBuws ANwpg

G,-fluxes in M-theory induce effects in 3D action
1. 3D Cherns-Simons terms:

[Haack,Louis]

— Have to require some O 45 = 0 for F-theory lift with unbroken group (.
2. Gaugings of axions: most importantly of p, for GS-mechanism

[Grimm;Grimm,Kerstan,Palti, Weigand]



4D Chirality from 3D CS-terms

 Determination of F-theory chiral index from M-theory:
relevance of quantum effects on 3D Coulomb branch

4D F-theory from 4

4D massless chiral matter in R 11D SUGRA, 7 ,-flux

e -

3D N=2 theory on Coulomb branch

e 3D massive charged matter * No 3D matter

m = CA dA integrated out automatically
* No 3D CsS- terms classically e 3D CS- terms cIa55|caIIy
O = Sa = O34

e Mismatch at classical level: massive chiral matter, no CS-terms.



4D Chirality from 3D CS-terms

Match at guantum level: one-loop effective action

e 3D massive charged matter * No 3D matter

integrate out by hand integrated out automatically
* 3D CS-terms at one loop « 3D CS-terms classically

Form of loop-correction:
[Aharony,Hanany, Intriligator,Seiberg,Strassler]

e 4D chirality encoded in 3D CS-terms.

 Determine 4D chirality algorithmically for general gauge groups
[Grimm,DK]
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4D Chirality from 3D CS-terms

Match at guantum level: one-loop effective action

e 3D massive charged matter .
integrate out by hand
3D CS-terms at one loop

No 3D matter

integrated out automatically
* 3D CS-terms classically

Form of loop-correction:
[Aharony,Hanany, Intriligator,Seiberg,Strassler]

4D chirality encoded in 3D CS-terms.

Determine 4D chirality algorithmically for general gauge groups.

SU(5), SU(5)xU(1) G4 = x(R) Sr =Matter surface
Agreement with: JsSgr

[Braun,Collinucci,Valandro;Marsano,Schaefer- Related: [Esole,Yau]
Nameki:Krause,Mavrhofer, Weigand:Grimm,Havashil

[Grimm,DK]



Checks of F-theory anomaly cancelation

Explicitly: Toric examples

1. Elliptic fourfold with SU(5)-singularity over B = Bl (IP*)
— Non-factorizable non-Abelian anomaly: No GS-mechanism

X(10) + x(5) =0
— Automatically obeyed for allowed fluxes.

2. Elliptic fourfold with SU(5)xU(1)-singularity: B3 = BL,(P?), P! x P?
— Non-factorizable non-Abelian anomaly canceled automatically.
— All mixed anomalies canceled by GS-mechanism.

Generally:

 Anomaly cancelation implies relations of 3D Chern-Simons terms
— Implicit and hard to check because of loop-formula.
* Proof of anomaly cancelation for Abelian-gravitational anomaly.



Abelian-gravitational anomaly cancelation
from M-/F-theory duality

* 3D Chern-Simons terms sensitive to all charged massive states
e Distinguished geometric 3D Chern-Simons term

Sty = / QomA® A F™

1. Interpretation in F-theory
— Graviphoton A° and 4D U(1)-vectors A™:
2 .2 02 2
dsjp = r7(dy — A7)" + ds3q
— Not generated classically in S*-reduction: one-loop effect

2. Non-vanishing in M-theory: C5 D A° Awg + A™ A wpy,,

@Om:/A wo/\wm/\G4:%/A cl(Bg)/\wm/\G4:—%ao‘@am
X4 X4

 Generated by Ioops fg aviphoton A°-charged states
:> Kaluza-Klein-states of 4D charged matter.




Abelian-gravitational anomaly cancelation
from M-/F-theory duality

* 3D Chern-Simons terms sensitive to all charged massive states
e Distinguished geometric 3D Chern-Simons term

S((}SSD) _ %/@0777,140 A FM

1. Interpretation in F-theory
— Graviphoton A° and 4D U(1)-vectors A™:
dsip = r°(dy — A°)? + ds3,
— Not generated classically in S-reduction: one-loop effect

2. Non-vanishing in M-theory: C5 > A° Awg + A™ A wp,,wo = [B] 4+ 2¢1(B3)

v ISubtlety
O, = / wo AWy, NGy = %/ c1(B3) Nwm NGy = —%ao‘@am
X4 X4

* Generated by loops of graviphoton A%-charged states
:> Kaluza-Klein-states of 4D charged matter.




Abelian-gravitational anomaly from Kaluza-Klein states

[Grimm,DK,Cvetic]

e One-loop result for Og,,, from F-theory:

IOOp Y Y nquIgnC qf_|_ Zn

2) Identlﬁcatlon W|th M theory result =>

* Diagrammatic: 4D triangle diagram =2 infinite sum of 3D diagrams
3n

mot %
E AT LQAA r2AY for each KK-state \If :E y Z\If ety

. Identlfy 3D Feynman rules: DV, = (0, + iQAAﬁ + 'mAg)
e =3 [—z’\i!na“égl)u\lln + \T!na?’(; tq g)xpn]

n=—oo




Abelian-gravitational anomaly from Kaluza-Klein states

[Grimm,DK,Cvetic]
( -function regularization

e One-loop result for Og,,, from F-theory:
@loop _ 1 Y Y nq 51gn(C qf _|_ g
2 g ?

AP-charge g,=n Kaluza-Klein mass

es = 4D Abelic

2) Identlﬁcatlon W|th M theory result =>

* Diagrammatic: 4D triangle diagram =2 infinite sum of 3D diagrams
3n

mot %
E AT LQAA r2AY for each KK-state \If :E y Z\If ety

. Identlfy 3D Feynman rules: DV, = (0, + iQAAﬁ + 'mAg)
e =3 [—z’\i!na“égl)u\lln + \T!na?’(; tq g)xpn]

n=—oo




Abelian-gravitational anomaly from Kaluza-Klein states

[Grimm,DK,Cvetic]

e One-loop result for Og,,, from F-theory:

IOOp Y Y nqm81gnC qf_|_ Zn

2) Identlﬁcatlon W|th M theory result =>

* Diagrammatic: 4D triangle diagram =2 infinite sum of 3D diagrams
3n

mot %
E AT LQAA r2AY for each KK-state \If :E y Z\If ety

. Identlfy 3D Feynman rules: D, ¥, = (0, + iq/\Aﬁ + 'mAg)
Lo =% [—i@naaégm\pn + q,ngs(; +q- g)\pn]

n=—oo

3D vertex 3D KK-mass



Geometric relations on elliptic fourfolds from anomalies

* Explicit proof of anomaly cancelation hard

— Anomaly cancelation implicit in structure of 3D Chern-Simons terms.

* Reverse logic: impose geometric relations by anomaly cancelation

1. Pure non-Abelian, Abelian and mixed Abelian-non-Abelian:

%Z > (Sr-[G4])(c- Dp)(c- Ds)(c- Dr) = %[Gd D7 (D - D))

Sr ¢ CSRr
2. Mixed Abelian-gravitational:

520 3 (S [Gil)(e: Da) = —55 (Gl - [en(B)] - D

Sr cCSR

* Purely geometric relations in 6D F-theory compactifications



Geometric relations on elliptic fourfolds from anomalies

* Explicit proof of anomaly cancelation hard

— Anomaly cancelation implicit in structure of 3D Chern-Simons terms.

e Reverse logic: impose geometric relations by anomaly cancelation

1. Pure non-Abelian, Abelian and mixed Abelian-non-Abelian:

EZ Y (Sr-[Ga])(c- Da)(c- Ds)(c- Dr) = [G] D(r - me(Da - Dy)
6 8

Sr cCSR
2. Mixed Abelian-gravitational:

1 1
13 > > (Sr-[Gu)(c- D) = —35lGal - ler(Bs)] - Da
Sr ¢ CSR
— c shrinkable wrapped by M2-branes —> chiral matter in F-theory

— (7, allowed F-theory fluxes, Daresolution divisors

-, hold on am‘ resolved elliﬁtic fourfold

 Purely geometric relations in 6D F-theory compactifications




v Al V

e 4D chiralities effectively determined from 3D CS-terms.

e Green-Schwarz mechanism from fourfold intersection on X4
and by chirality-inducing G,-flux.

e Improved understanding of U(1)’s on fourfolds.

e Anomaly cancelation checked explicitly in compact F-theory
GUT-models with U(1)’s Local models: additional conditions [Palti]
m) straightforward extension to SO(10), E6, more U(1)’s...

e Anomaly cancelation implies relations among 3D CS-terms.

e Abelian-graviational anomaly derived from 3D Kaluza-Klein
loop-calculation of CS-terms & match to classical M-theory.

e Anomaly cancelation implies geometric relations on all
elliptically fibered Calabi-Yau fourfolds.
W) Mathematical proof?




