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Non-geometric fluxes in higher dimensions

Non-geometry

General notion

§ String theory has more symmetries than point particles
– in particular: T-duality

�� ��What does this mean geometrically?

More concrete

R1/R

§ Structure group includes Opd , dq
transformations [Dabholkar, Hull: 2005]

[Hellerman, McGreevy, Williams: 2002]

§ Target space not a manifold anymore

§ Still consistent string backgrounds
[Hull: 2004]
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Non-geometric fluxes in higher dimensions

Non-geometry

Features of non-geometry

§ Non-trivial monodromies
« “target space with ill-defined fields”

§ Non-commutativity, non-associativity

§ Constructions with no straightforward target space
interpretation (T-folds, etc.)

Examples

1. T-dual of a geometric background

2. Asymmetric orbifold
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Non-geometric fluxes in higher dimensions

Example 1: Torus with H-flux

Construction

§ T 2 fibration over S1, coordinates X 1,X 2 and X 3

§ Linear b-field with H123 “ 1

g “

¨

˚

˚

˚

˝

1 0 0

0 1 0

0 0 1

˛

‹

‹

‹

‚

, b “

¨

˚

˚

˚

˝

0 X 3 0

´X 3 0 0

0 0 0

˛

‹

‹

‹

‚

§ X 3 Ñ X 3 ` 1 induces b-field gauge transformation, model
globally well-defined
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Non-geometric fluxes in higher dimensions

Example 1: Torus with H-flux

Non-geometric frame

§ Perform two T-dualities in the isometry directions of X 1, X 2

g “
1

1` pX 3q2

¨

˚

˚

˚

˝

1 0 0

0 1 0

0 0 1` pX 3q2

˛

‹

‹

‹

‚

, b “
1

1` pX 3q2

¨

˚

˚

˚

˝

0 ´X 3 0

X 3 0 0

0 0 0

˛

‹

‹

‹

‚

§ X 3 Ñ X 3 ` 1 cannot be patched by diffeomorphism or gauge
transformation
Ñ fields globally ill-defined
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Non-geometric fluxes in higher dimensions

Example 1: Non-commutativity and non-associativity

Target space?

§ Investigate monodromies of complex structure τ and Kähler
parameter ρ

§ Expect non-commutativity for this background:

“

X 1, X 2
‰

„ N3

[Lüst: 2010] [Andriot, Larfors, Lüst, Patalong: to appear]

§ Similar to open string case [Seiberg, Witten: 1999]

§ After a third (formal) T-duality, expect non-associativity

““

X 1, X 2
‰

, X 3
‰

` perm. ‰ 0

[Blumenhagen, Deser, Lüst, Plauschinn, Rennecke: 2011]
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Non-geometric fluxes in higher dimensions

Example 2: Asymmetric orbifold
[Condeescu, Florakis, Lüst: 2012]

§ Twisted three-torus, freely acting Z4 orbifold

§ Asymmetric boundary conditions on Z „ X 1 ` iX 2:

ZLpτ, σ ` 2πq “ e2πiθZLpτ, σq

ZRpτ, σ ` 2πq “ e´2πiθZRpτ, σq

§ Induced by transformation of the Kähler parameter

ρpX 3q Ñ ´ρpX 3q´1

that is a non-trivial element of the T-duality group

§ Non-commutative coordinates

“

X 1, X 2
‰

“ iΘpθ,N3q ‰ 0

7/29 P. Patalong, MPI for Physics, Munich



Non-geometric fluxes in higher dimensions

Outline

1. Non-geometry
§ Introduction
§ Examples

2. Non-geometric fluxes
§ Non-geometric flux compactification
§ Algebraic structures in higher dimensions

3. Our work
§ Supergravity
§ Double field theory
§ Connecting both

8/29 P. Patalong, MPI for Physics, Munich



Non-geometric fluxes in higher dimensions

Outline

1. Non-geometry
§ Introduction
§ Examples

2. Non-geometric fluxes
§ Non-geometric flux compactification
§ Algebraic structures in higher dimensions

3. Our work
§ Supergravity
§ Double field theory
§ Connecting both

8/29 P. Patalong, MPI for Physics, Munich



Non-geometric fluxes in higher dimensions

Non-geometric fluxes: 4 dimensions

Non-geometric flux compactification

§ In gauged supergravity: [Shelton, Taylor, Wecht: 2006]

rZa,Zbs “ HabcX
c ` f cabZc

rZa,X
bs “ ´f bacX

c

` Qa
bcZc

rX a,X bs “ 0

§ T-duality chain: Habc Ñ f bac Ñ Qc
ab Ñ Rabc

Phenomenological impact

§ Moduli fixing [Micu, Palti, Tasinato: 2007]

§ De Sitter vacua [de Carlos, Guarino, Moreno: 2009]
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Non-geometric fluxes in higher dimensions

Non-geometric fluxes: higher dimensions

Main idea
§ Use generalised complex geometry

§ T-duality group OpD,Dq is structure group of TM ‘ T˚M
§ Metric g and b-field b embedded in one object H
§ Convenient framework in type II flux compactifications

§ Courant bracket for generalised vectors and basis
EA “ tea, eau to define algebra

rEA, EB s “ FC
ABEC

§ Non-geometric fluxes are components of structure
coefficients

[Graña, Minasian, Petrini, Waldram: 2008]
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Non-geometric fluxes in higher dimensions

Non-geometric fluxes: higher dimensions

Refined investigation

§ Turn TM ‘ T ˚M into a Courant algebroid with

Jea, ebK “ Habc ec ` Fc
ab ec

Jea, ebK “ ´Fb
ac ec `Qa

bc ec

Jea, ebK “ Qc
ab ec `Rabc ec

§ Recover algebraic structure from 4 dimensions

[Blumenhagen, Deser, Plauschinn, Rennecke: 2012]
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Non-geometric fluxes in higher dimensions

Central questions

Connection between the two central ideas?�� ��Non-geometry
?
ÐÑ

�� ��Non-geometric fluxes

Embed these ideas into a theory?

§ Supergravity, double field theory, generalised geometry,
doubled worldsheet theories, T-folds, matrix models, ...
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Non-geometric fluxes in higher dimensions

Our approach

What?

§ Introduce non-geometric fluxes manifestly

§ Relate them to the algebraic structures shown before

How?

§ Central object in non-geometry: bivector β

§ Perform field redefinition to reveal β

12/29 P. Patalong, MPI for Physics, Munich



Non-geometric fluxes in higher dimensions

Supergravity: Procedure�� ��L̂pĝ , b̂, φ̂q Ñ L̃pg̃ , β̃, φ̃q

Where is β?

§ Inspiration from generalised geometry: use generalised
metric

H “ ETE

“

¨

˝

ĝ ´ b̂ĝ´1b̂ b̂ĝ´1

´ĝ´1b̂ ĝ´1

˛

‚

§ Like any metric, parametrise by different vielbeins

Ê “

¨

˝

ê 0

´ê´T b̂ ê´T

˛

‚

, Ẽ “

¨

˝

ẽ ẽβ̃

0 ẽ´T

˛

‚
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ĝ ´ b̂ĝ´1b̂ b̂ĝ´1
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˛

‚

§ Like any metric, parametrise by different vielbeins
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, Ẽ “

¨

˝
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Non-geometric fluxes in higher dimensions

Supergravity: Field redefinition

§ Read off transformation rules

ĝ “ pg̃´1 ` β̃q´1g̃´1pg̃´1 ´ β̃q´1

b̂ “ ´pg̃´1 ` β̃q´1β̃pg̃´1 ´ β̃q´1

§ Recognise nasty inverse, nevertheless plug into

L̂ “ e´2φ̂
a

|ĝ |

ˆ

R̂` 4|Bφ̂|2 ´
1

2
|Ĥ|2

˙

§ Lots of work...
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Non-geometric fluxes in higher dimensions

|dφ̂|2 ´ |d φ̃|2 “ 1
4 g̃

kmg̃pq g̃uvBmg̃pqBk g̃uv

` 1
2 g̃

kmg̃pqpG´1quvBmg̃pqBkG
vu

` 1
4 g̃

kmpG´1qplpG
´1quvBmG

lpBkG
vu

´ g̃kmg̃pqBk g̃pqBmφ̃

´ g̃kmpG´1qpqBkG
qpBmφ̃
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´1quvBmG

lpBkG
vu

´ g̃kmg̃pqBk g̃pqBmφ̃

´ g̃kmpG´1qpqBkG
qpBmφ̃

pR´ rR “´ Bk g̃suBmg̃pq

ˆ

2g̃kmg̃uq g̃ps ` 2g̃pq g̃ks g̃mu `
1

2
g̃uq g̃ smg̃kp

˙

´ g̃pqBk β̃
pkBmβ̃

qm ´
1

2
g̃pqBk β̃

qmBmβ̃
pk

` 2g̃kmg̃pqBkBmg̃pq ` 2g̃kmpG´1qpqBkBmG
qp

` BmG
vl
´

´ 2g̃mr g̃kspG´1qlvBk g̃rs ´ g̃ rs g̃kmpG´1qlvBk g̃rs

` g̃ms g̃ rupG´1qluBv g̃rs ´ g̃kmg̃ rspG´1qlsBk g̃vr

¯

` BmG
vl
´

pG´1qlqBvG
qm `

1

2
ĝlqBvG

mq
¯

´ BmG
vlBkG

ps 1

2
g̃km

´

2pG´1qlv pG
´1qsp ` 5pG´1qsv pG

´1qlp ` ĝsl g̃pv

¯
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g̃km

´

2pG´1qlv pG
´1qsp ` 5pG´1qsv pG

´1qlp ` ĝsl g̃pv

¯

|Ĥ|2 “
1

2
g̃p1p2 g̃q1q2 g̃

s1s2Bs1 β̃
p1q1Bs2 β̃

p2q2

` pĝq1q2 ´ g̃q1q2qBp2 g̃
p1q1Bp1 g̃

p2q2

` g̃ s1s2Bs1G
p1q1
ε

˜

2g̃p1p2pG
´1
ε qq1q2

Bs2 g̃
p2q2 ´

´

g̃p1p2 ĝq1q2 ` pG
´1
ε qq2p1

pG´1
ε qq1p2

¯

Bs2G
p2q2
ε

¸
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Non-geometric fluxes in higher dimensions

Supergravity: Result

§ Magic cancellations! Reveal non-geometric fluxes

L̃ “ e´2φ̃
a

|g̃ |

ˆ

R̃` 4|Bφ̃|2´
1

2
|Q|2´

1

2
|R|2 ` . . .

˙

with fluxes

Qp
mn “ Bpβ̃

mn , Rmnp “ 3β̃krm∇k β̃
nps

§ Contact with 4d: dimensional reduction

Vω „ σ´2ρ´1 , VH „ σ´2ρ´3 , VQ „ σ´2ρ

[Hertzberg, Kachru, Taylor, Tegmark: 2007]
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Non-geometric fluxes in higher dimensions

Supergravity: Result

Tame non-geometry?

§ Total derivative is important

L̂pĝ , b̂, φ̂q “ L̃pg̃ , β̃, φ̃q

` ptotal derivativeq

§ For problematic monodromies

ill-defined ĝ , b̂

Ñ well-defined g̃ , β̃

§ Costs: total derivative becomes ill-defined

§ Prescription: drop the total derivative, take L̃ as the correct
theory
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Non-geometric fluxes in higher dimensions

Supergravity: Problem

L̃ “ e´2φ̃
a

|g̃ |

ˆ

R̃` 4|Bφ̃|2 ´
1

2
|Q|2 ´

1

2
|R|2` . . .

˙

Qp
mn “ Bpβ̃

mn , Rmnp “ 3β̃krm∇k β̃
nps

§ Not all terms identified

§ Q not a tensor
Ñ Must be part of rR, entering like torsion
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Non-geometric fluxes in higher dimensions

Can we do better?

Try to find a geometric interpretation for non-geometric Q-flux!

�� ��Maybe double field theory can help?

§ Manifestly T-duality invariant theory

§ Central object: generalised metric H
§ Doubled number of coordinates: px , x̃q
Ñ new geometric possibilities

Strategy

§ Perform field redefinition on the DFT action

§ Find Q as connection, R as tensor

19/29 P. Patalong, MPI for Physics, Munich
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Non-geometric fluxes in higher dimensions

DFT: Field redefinition 1

§ Step 1: Relation from the supergravity context

ẼpX q “
`

g̃´1 ` β
˘

px , x̃q “ pg ` bq´1px , x̃q “ E´1pX q

Problematic inverse!

§ Step 2: T-duality in Double Field Theory

E 1pX 1q “ paEpX q ` bqpcEpX q ` dq´1 , X 1 “ hX

with

h “

¨

˝

a b

c d

˛

‚ P OpD,Dq and X “ px , x̃q
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Non-geometric fluxes in higher dimensions

DFT: Field redefinition 2

§ Special case: T-duality in all directions

h “

¨

˝

0 1

1 0

˛

‚ ñ E 1px̃ , xq “ E´1px , x̃q

§ Step 3: Compare

`

g̃´1 ` β
˘

px , x̃q “ Ẽpx , x̃q “ E 1px̃ , xq “
`

g 1 ` b1
˘

px̃ , xq

Rules for the field redefinition

g 1 Ñ g̃´1 , b1 Ñ β , Bi Ø B̃i

§ Each term of SDFTpE , dq is invariant separately

§ Dilaton density e´2d remains unchanged
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Non-geometric fluxes in higher dimensions

DFT: Field redefinition 3

Effectively: Simply invert all indices! No calculation at all!

e´2d
”

´
1

4
g ikg jl gpq

´

DpEkl DqEij ´DiElpDjEkq ´ D̄iEpl D̄jEqk
¯

` g ikg jl
`

Did D̄jEkl ` D̄id DjElk
˘

` 4g ijDid Djd
ı

Ó

e´2d
”

´
1

4
g̃ik g̃jl g̃pq

´

D̃pẼkl D̃qẼ ij ´ D̃i Ẽ lpD̃j Ẽkq ´ D̃i Ẽpl D̃j Ẽqk
¯

` g̃ik g̃jl
`

D̃id D̃j Ẽkl ` D̃id D̃j Ẽ lk
˘

` 4g̃ijD̃id D̃jd
ı

22/29 P. Patalong, MPI for Physics, Munich



Non-geometric fluxes in higher dimensions

Geometric interpretation of non-geometric fluxes

Where are the non-geometric fluxes?

§ Guideline: gauge symmetry of DFT, parametrised
by ξM “ pξ̃i , ξ

i q

§ Covariantise action with respect to only the ξi gauge
transformations

§ “Covariant” means
δξA “ LξA

§ Strategy: rewrite the action in terms of covariant objects
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Non-geometric fluxes in higher dimensions

New objects

§ Introduce a new derivative

D̃ i :“ B̃i ´ βijBj

§ Define covariant derivative for vectors

∇̃iV j :“ D̃ iV j ´ qΓk
ijV k

with new connection

qΓk
ij “ Γ̃k

ij ` gklg
ppiQp

jql´
1

2
Qk

ij

§ Define new Riemann tensor and scalar curvature
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Non-geometric fluxes in higher dimensions

DFT: Rewritten action

SDFT “

ż

dxdx̃
a

|g̃ | e´2φ̃
”

R` qR´ 1

12
R ijkRijk

` 4pBφ̃q2 ` 4
`

D̃ i φ̃` T i
˘2
ı

§ Q-flux hidden in qR as part of connection
– Similar to geometric flux f

§ R-flux appears as tensor like H-flux did before

�� ��Geometric interpretation for non-geometric fluxes
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Non-geometric fluxes in higher dimensions

Connection to the literature

Formalism matches nicely with recent results:

§ R-flux expression in Scherk-Schwarz reductions of DFT
[Aldazabal, Baron, Marques, Nunez: 2011][Geissbühler: 2011]

R ijk “ 3
´

B̃riβjks ` βpriBpβ
jks
¯

§ Bianchi identity [Blumenhagen, Deser, Plauschinn, Rennecke: 2012]

∇̃riR jkls “ 0

Ñ Recover algebraic structure known before

26/29 P. Patalong, MPI for Physics, Munich



Non-geometric fluxes in higher dimensions

Connection to supergravity

DFT Eij DFT Ẽ ij

10D supergravity
pφ, g , bq

10D supergravity

pφ̃, g̃ , βq
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B̃i“0

��

10D supergravity
pφ, g , bq

oo field redefinition // 10D supergravity

pφ̃, g̃ , βq

27/29 P. Patalong, MPI for Physics, Munich



Non-geometric fluxes in higher dimensions

Summary

§ Non-geometric fluxes can be made visible in supergravity
and DFT.

§ The appearance of non-geometry is connected to the
appearance of non-geometric fluxes.

§ DFT allows for a geometric interpretation of non-geometric
fluxes.
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Non-geometric fluxes in higher dimensions

Outlook

§ Connection to doubled worldsheets? (SGN’s talk on Friday)
[Groot Nibbelink, Patalong: 2012]

§ Connection to supergravity as generalised geometry?
[Coimbra, Strickland-Constable, Waldram: 2011]

§ String theory on a Courant algebroid?

29/29 P. Patalong, MPI for Physics, Munich


