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The large-N
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q

(q2) → planar Feynman

diagrams.
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Analyti results for the three missing oe�ients
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Analyti results for the three-loop master integrals up to
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[R. N. Lee and V. A. Smirnov'10℄

motivated by a future four-loop alulation.
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[R. H. Boels, B. A. Kniehl, O. V. Tarasov & G. Yang'13,16℄

Results for some individual integrals in an analytial form

[A. von Manteu�el, E. Panzer & R. M. Shabinger'15℄
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At most 12 indies an be positive.
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Massless planar four-loop vertex integrals

FIRE → 99 master integrals.

[J. Henn, A.&V. Smirnov'13℄: introdue an additional sale.
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504 master integrals

Use di�erential equations

[A.V. Kotikov'91, E. Remiddi'97, T. Gehrmann &

E. Remiddi'00, J. Henn'13,...℄

Gehrmann & Remiddi: a method to evaluate master integrals.

It is assumed that the problem of redution to master integrals

is solved.

Henn: use uniform transendental (UT) bases.
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Henn (2013): turn to a new basis where DE take the form

∂
i

f (ǫ, x) = ǫA
i

(x)f (ǫ, x) .
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n = 1.

f

′(ǫ, x) = ǫ
∑

k

a

k

x − x

(k)
f (ǫ, x) .

where x

(k)
is the set of singular points of the DE and N × N

matries a

k

are independent of x and ǫ.
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In the ase of two sales, i.e. with one variable in the DE, i.e.

n = 1.

f

′(ǫ, x) = ǫ
∑

k

a

k

x − x

(k)
f (ǫ, x) .

where x

(k)
is the set of singular points of the DE and N × N

matries a

k

are independent of x and ǫ.

For example, if x

k

= 0,−1, 1 then results are expressed in

terms of HPLs [E. Remiddi & J.A.M. Vermaseren℄

H(a
1

, a
2

, . . . , a
n

; x) =

∫

x

0

f (a
1

; t)H(a
2

, . . . , a
n

; t)dt ,

where f (±1; t) = 1/(1∓ t), f (0; t) = 1/t
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How to turn to a UT basis?

An algorithmi desription in the ase of one variable

[R.N. Lee'14℄

Selet basis integrals that have onstant leading

singularities [F. Cahazo'08℄ whih are multidimensional

residues of the integrand. (Replae propagators by delta

funtions).

If you have almost reahed the ε-form, make a small �nal

rotation of the urrent basis.

See, e.g., [T. Gehrmann, A. von Manteu�el, L. Tanredi

and E. Weihs'14℄
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We obtain (KZ) di�erential equations with respet to

x = p

2

2

/p2
3

∂
x

f (x , ǫ) = ǫ

[

a

x

+
b

1− x

]

f (x , ǫ)

where a and b are x- and ǫ-independent 504× 504 matries.
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We obtain (KZ) di�erential equations with respet to

x = p

2

2

/p2
3

∂
x

f (x , ǫ) = ǫ

[

a

x

+
b

1− x

]

f (x , ǫ)

where a and b are x- and ǫ-independent 504× 504 matries.

Solving these equations in terms of HPL with letters 0 and 1.
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Asymptoti behaviour at the points x = 0 and x = 1

f (x , ǫ)
x→0

=

[

1+
∑

k≥1

p

k

(ǫ)xk

]

x

ǫa
f

0

(ǫ) ,

f (x , ǫ)
x→1

=

[

1+
∑

k≥1

q

k

(ǫ)(1− x)k

]

(1− x)−ǫb
f

1

(ǫ) ,
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=

[

1+
∑

k≥1

p

k

(ǫ)xk

]

x

ǫa
f

0

(ǫ) ,

f (x , ǫ)
x→1

=

[

1+
∑

k≥1

q

k

(ǫ)(1− x)k

]

(1− x)−ǫb
f

1

(ǫ) ,

Natural boundary onditions at the point x = 1:

there is no singularity and it orresponds to propagator-type

integrals whih are known

[P. Baikov and K. Chetyrkin'10; R. Lee and V. Smirnov'11℄
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Asymptoti behaviour at the points x = 0 and x = 1

f (x , ǫ)
x→0

=

[

1+
∑

k≥1

p

k

(ǫ)xk

]

x

ǫa
f

0

(ǫ) ,

f (x , ǫ)
x→1

=

[

1+
∑

k≥1

q

k

(ǫ)(1− x)k

]

(1− x)−ǫb
f

1

(ǫ) ,

Natural boundary onditions at the point x = 1:

there is no singularity and it orresponds to propagator-type

integrals whih are known

[P. Baikov and K. Chetyrkin'10; R. Lee and V. Smirnov'11℄

To obtain analytial results for the 99 one-sale MI, we

perform (with the help of the HPL pakage [D. Ma��tre'06℄)

mathing at the point x = 0.
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ǫa =
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a
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Results for the 99 one-sale MI an be obtained from the

`naive' part of the asymptoti expansion at x = 0, i.e. from

the part orresponding to the zero eigenvalue of the matrix a,

i.e. to j = 0.
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j = 0 orresponds to the hard-. . . -hard region while terms with

j < 0 to other regions (soft, ollinear, . . . ).
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Transporting boundary onditions at x = 1 to the point x = 0.

We onstrut the Drinfeld assoiator perturbatively in ǫ.

x

ǫa =
∑

x

jε
a

j

Results for the 99 one-sale MI an be obtained from the

`naive' part of the asymptoti expansion at x = 0, i.e. from

the part orresponding to the zero eigenvalue of the matrix a,

i.e. to j = 0.

Two alternative desriptions of the asymptoti expansion:

with DE and with with expansion by regions

[M. Beneke and V. Smirnov'98℄

j = 0 orresponds to the hard-. . . -hard region while terms with

j < 0 to other regions (soft, ollinear, . . . ). No positive j .
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An example of our result

PSfrag replaements
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=
1

576ε8
+

1

216

π2
1

ǫ6
+

151

864

ζ
3

1

ǫ5
+

173

10368

π4
1

ǫ4
+

[

505

1296

π2ζ
3

+
5503

1440

ζ
5

]

1

ǫ3
+

+

[

6317

155520

π6 +
9895

2592

ζ2
3

]

1

ǫ2
+

[

89593

77760

π4ζ
3

+
3419

270

π2ζ
5

−
169789

4032

ζ
7

]

1

ǫ

+

[

407

15

s

8a

+
41820167

653184000

π8 +
41719

972

π2ζ2
3

−
263897

2160

ζ
3

ζ
5

]

+O(ǫ) ,
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. Non-planar diagrams

Other form-fators. More ompliated integrals.

No oneptual problems. More powerful algorithms for

IBP redution. More powerful mahines.
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