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Gehrmann & Remiddi: a method to evaluate master integrals.

It is assumed that the problem of redu
tion to master integrals

is solved.

Henn: use uniform trans
endental (UT) bases.
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Feynman integrals.

Let x = (x
1

, . . . , x
n

) be kinemati
al variables and/or masses,

or some new variables introdu
ed to `get rid of square roots'.

DE:

∂
i

f (ǫ, x) = A

i

(ǫ, x)f (ǫ, x) ,

where ∂
i

= ∂
∂x

i

, and ea
h A

i

is an N × N matrix.

Henn (2013): turn to a new basis where DE take the form

∂
i

f (ǫ, x) = ǫA
i

(x)f (ǫ, x) .
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In the 
ase of two s
ales, i.e. with one variable in the DE, i.e.

n = 1.

f

′(ǫ, x) = ǫ
∑

k

a

k

x − x

(k)
f (ǫ, x) .

where x

(k)
is the set of singular points of the DE and N × N

matri
es a

k

are independent of x and ǫ.

For example, if x

k

= 0,−1, 1 then results are expressed in

terms of HPLs [E. Remiddi & J.A.M. Vermaseren℄

H(a
1

, a
2

, . . . , a
n

; x) =

∫

x

0

f (a
1

; t)H(a
2

, . . . , a
n

; t)dt ,

where f (±1; t) = 1/(1∓ t), f (0; t) = 1/t



A planar four-loop form fa
tor and 
usp anomalous dimension in QCD

Massless planar four-loop vertex integrals

How to turn to a UT basis?



A planar four-loop form fa
tor and 
usp anomalous dimension in QCD

Massless planar four-loop vertex integrals

How to turn to a UT basis?

An algorithmi
 des
ription in the 
ase of one variable

[R.N. Lee'14℄



A planar four-loop form fa
tor and 
usp anomalous dimension in QCD

Massless planar four-loop vertex integrals

How to turn to a UT basis?

An algorithmi
 des
ription in the 
ase of one variable

[R.N. Lee'14℄

Sele
t basis integrals that have 
onstant leading

singularities [F. Ca
hazo'08℄ whi
h are multidimensional

residues of the integrand. (Repla
e propagators by delta

fun
tions).



A planar four-loop form fa
tor and 
usp anomalous dimension in QCD

Massless planar four-loop vertex integrals

How to turn to a UT basis?

An algorithmi
 des
ription in the 
ase of one variable

[R.N. Lee'14℄

Sele
t basis integrals that have 
onstant leading

singularities [F. Ca
hazo'08℄ whi
h are multidimensional

residues of the integrand. (Repla
e propagators by delta

fun
tions).

If you have almost rea
hed the ε-form, make a small �nal

rotation of the 
urrent basis.

See, e.g., [T. Gehrmann, A. von Manteu�el, L. Tan
redi

and E. Weihs'14℄
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We obtain (KZ) di�erential equations with respe
t to

x = p

2

2

/p2
3

∂
x

f (x , ǫ) = ǫ

[

a

x

+
b

1− x

]

f (x , ǫ)

where a and b are x- and ǫ-independent 504× 504 matri
es.

Solving these equations in terms of HPL with letters 0 and 1.



A planar four-loop form fa
tor and 
usp anomalous dimension in QCD

Massless planar four-loop vertex integrals

Asymptoti
 behaviour at the points x = 0 and x = 1

f (x , ǫ)
x→0

=

[

1+
∑

k≥1

p

k

(ǫ)xk

]

x

ǫa
f

0

(ǫ) ,

f (x , ǫ)
x→1

=

[

1+
∑

k≥1

q

k

(ǫ)(1− x)k

]

(1− x)−ǫb
f

1

(ǫ) ,
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orresponds to propagator-type

integrals whi
h are known
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Asymptoti
 behaviour at the points x = 0 and x = 1

f (x , ǫ)
x→0

=

[

1+
∑

k≥1

p

k

(ǫ)xk

]

x

ǫa
f

0

(ǫ) ,

f (x , ǫ)
x→1

=

[

1+
∑

k≥1

q

k

(ǫ)(1− x)k

]

(1− x)−ǫb
f

1

(ǫ) ,

Natural boundary 
onditions at the point x = 1:

there is no singularity and it 
orresponds to propagator-type

integrals whi
h are known

[P. Baikov and K. Chetyrkin'10; R. Lee and V. Smirnov'11℄

To obtain analyti
al results for the 99 one-s
ale MI, we

perform (with the help of the HPL pa
kage [D. Ma��tre'06℄)

mat
hing at the point x = 0.
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the part 
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Transporting boundary 
onditions at x = 1 to the point x = 0.

We 
onstru
t the Drinfeld asso
iator perturbatively in ǫ.

x

ǫa =
∑

x

jε
a

j

Results for the 99 one-s
ale MI 
an be obtained from the

`naive' part of the asymptoti
 expansion at x = 0, i.e. from

the part 
orresponding to the zero eigenvalue of the matrix a,

i.e. to j = 0.

Two alternative des
riptions of the asymptoti
 expansion:

with DE and with with expansion by regions

[M. Beneke and V. Smirnov'98℄

j = 0 
orresponds to the hard-. . . -hard region while terms with

j < 0 to other regions (soft, 
ollinear, . . . ). No positive j .
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. Non-planar diagrams

Other form-fa
tors. More 
ompli
ated integrals.

No 
on
eptual problems. More powerful algorithms for

IBP redu
tion. More powerful ma
hines.
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