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I—Evaluating four-loop QCD form factors

The photon-quark form factor, which is a building block for
N*LO cross sections.

It is a gauge-invariant part of virtual forth-order corrections for
the process ete™ — 2 jets, or for Drell-Yan production at
hadron colliders.

Let 't be the photon-quark vertex function.

The scalar form factor is

1

fle) = “aa—ge )

where D =4 — 2¢, g = p; + p2 and p; (p2) is the incoming
(anti-)quark momentum.

The large-N. asymptotics of F,(g°) — planar Feynman
diagrams.
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I—Ev:-;luating four-loop QCD form factors

Three-loop results

[P. A. Baikov, K. G. Chetyrkin, A. V. Smirnov, V. A. Smirnov
and M. Steinhauser'09,

T. Gehrmann, E. W. N. Glover, T. Huber, N. lkizlerli, and
C. Studerus'10]

Analytic results for the three missing coefficients

[R. N. Lee, A. V. Smirnov and V. A. Smirnov'10]
Analytic results for the three-loop master integrals up to
weight 8

[R. N. Lee and V. A. Smirnov'10]

motivated by a future four-loop calculation.
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The fermionic corrections (~ nf) to F, in the large-N, limit,
to the four-loop order.
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Numerical four-loop calculations
[R. H. Boels, B. A. Kniehl, O. V. Tarasov & G. Yang'13,16]

Results for some individual integrals in an analytical form
[A. von Manteuffel, E. Panzer & R. M. Schabinger'15]
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I—Evaluating four-loop QCD form factors

We apply
m qgraf for the generation of Feynman amplitudes;

m g2e and exp for writing down form factors in terms of
Feynman integrals

m FIRE and LiteRed for the IBP reduction to master
integrals.

Calculations in generic &-gauge for checks.

(ne)
=1 Fim.
- X () (_qz> |

Our result is the fermionic contribution to F in the large-N,
limit.
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I—Evaluating four-loop QCD form factors
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The coefficients of the cusp and collinear anomalous dimensions

n>0

47

o=y (M)nvﬂ,

DA



A planar four-loop form factor and cusp anomalous dimension in QCD

I—Evaluating four-loop QCD form factors

The coefficients of the cusp and collinear anomalous dimensions
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I—Evaluating four-loop QCD form factors
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I—Ev:-xlual:ing four-loop QCD form factors

We reproduce results up to three loops

[A. Vogt'01; C.F. Berger'02; S. Moch, J.A.M. Vermaseren &
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N. lkizlerli & C. Studerus'10]

The N2n? term of 13, ) agrees with
[M. Beneke & V.M. Braun'94]

Agreement of the n? term with
[Davies, B. Ruijl, T.Ueda, J. Vermaseren & A. Vogt]
talk by A. Vogt on Thursday

All the other four-loop terms in 72, and 73 are new.
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I—Massless planar four-loop vertex integrals

All planar four-loop on-shell form-factor integrals with
p? = p3 =0, with ¢ = pi = (p1 + p2)?

dPhky ... dPk,
Fai,...,a;3 = /"'/(—(k1+p1)2)a‘(_(k2+p1)2)az(_(k3+pl)2)83
1
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1
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1
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At most 12 indices can be positive.
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[J. Henn, AL&V. Smirnov'13]: introduce an additional scale.
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I—Massless planar four-loop vertex integrals

FIRE — 99 master integrals.

. introduce an additional scale.
p; #0
504 master integrals

Use differential equations

Gehrmann & Remiddi: a method to evaluate master integrals.
It is assumed that the problem of reduction to master integrals
is solved.

Henn: use uniform transcendental (UT) bases.
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I—Massless planar four-loop vertex integrals

Let f = (f1,..., fy) be primary master integrals (MI) for a
given family of dimensionally regularized (with D = 4 — 2¢)
Feynman integrals.

Let x = (xi, ..., X,) be kinematical variables and/or masses,
or some new variables introduced to ‘get rid of square roots’.

DE:
0if (e, x) = Ai(e, x)f (€, x),

where 0; = %, and each A; is an N x N matrix.

Henn (2013): turn to a new basis where DE take the form

0if(e,x) = e Ai(x)f (€, x) .
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I—Massless planar four-loop vertex integrals

In the case of two scales, i.e. with one variable in the DE, i.e.
n=1.

x — x(k)

f'le,x) =€ Z Lf(e,x).

where x(¥) is the set of singular points of the DE and N x N
matrices a, are independent of x and e.

For example, if x, = 0, —1,1 then results are expressed in
terms of HPLs

H(ai, as, ..., an x) / f(ar; t)H(ay, ..., ay t)dt,

where f(£1;t) =1/(1Ft), f(0;t) =1/t
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I—Massless planar four-loop vertex integrals

How to turn to a UT basis?

m An algorithmic description in the case of one variable

m Select basis integrals that have constant leading

singularities which are multidimensional
residues of the integrand. (Replace propagators by delta
functions).

m If you have almost reached the e-form, make a small final
rotation of the current basis.
See, e.g.,
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I—Massless planar four-loop vertex integrals

We obtain (KZ) differential equations with respect to
02/ p2
x = p3/p3

where a and b are x- and e-independent 504 x 504 matrices.

Solving these equations in terms of HPL with letters 0 and 1.
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I—Massless planar four-loop vertex integrals

Asymptotic behaviour at the points x =0 and x =1

f(x,¢€) 2009 4 Z pk(e)xk] x“fy(€),

Natural boundary conditions at the point x = 1:

there is no singularity and it corresponds to propagator-type
integrals which are known

To obtain analytical results for the 99 one-scale MI, we
perform (with the help of the HPL package )
matching at the point x = 0.
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I—Massless planar four-loop vertex integrals

Transporting boundary conditions at x = 1 to the point x = 0.

We construct the Drinfeld associator perturbatively in e.

X = E x'?a;

Results for the 99 one-scale MI can be obtained from the
‘naive’ part of the asymptotic expansion at x = 0, i.e. from
the part corresponding to the zero eigenvalue of the matrix a,
ie. toyj =0.

Two alternative descriptions of the asymptotic expansion:
with DE and with with expansion by regions

J = 0 corresponds to the hard-.. .-hard region while terms with
J < 0 to other regions (soft, collinear, ...). No positive j.
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I—Massless planar four-loop vertex integrals

An example of our result

k2)2

liy = de ( 4

2 / /H TICICIZ (ky — ko)2(ka — ks)2(ky — ka)?
1

. (ko — ka)?(ks — ka)?(ki + p1)?(ka + p1)?(ka — p2)?(ks — p2)?
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L Perspectives

m General N.. Non-planar diagrams
m Other form-factors. More complicated integrals.

m No conceptual problems. More powerful algorithms for
IBP reduction. More powerful machines.
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